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ABSTRACT: We use the AdS/CFT correspondence to study the thermalization of a strongly
coupled conformal field theory that is forced out of its vacuum by a source that couples to a
marginal operator. The source is taken to be of small amplitude and finite duration, but is
otherwise an arbitrary function of time. When the field theory lives on R4, the source
sets up a translationally invariant wave in the dual gravitational description. This wave
propagates radially inwards in AdS;11 space and collapses to form a black brane. Outside
its horizon the bulk spacetime for this collapse process may systematically be constructed
in an expansion in the amplitude of the source function, and takes the Vaidya form at
leading order in the source amplitude. This solution is dual to a remarkably rapid and
intriguingly scale dependent thermalization process in the field theory. When the field
theory lives on a sphere the resultant wave either slowly scatters into a thermal gas (dual
to a glueball type phase in the boundary theory) or rapidly collapses into a black hole (dual
to a plasma type phase in the field theory) depending on the time scale and amplitude of
the source function. The transition between these two behaviors is sharp and can be tuned
to the Choptuik scaling solution in R%!,
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1 Introduction

The AdS/CFT correspondence identifies asymptotically AdS gravitational dynamics with
the master field evolution of ‘large N’ field theories. In particular, it relates the evolution
of spacetimes with horizons to the non equilibrium statistical dynamics of the high temper-
ature phase of the dual field theory. This connection has recently been studied in detail in
a near equilibrium limit. It has been established that the spacetimes that locally (i.e. tube
wise) approximate the black brane metric obey the equations of boundary fluid dynamics
with gravitationally determined dissipative constants.! The equations of fluid dynamics
are thus embedded in a long distance sector of asymptotically AdS gravity, a fascinating
connection that promises to prove useful in many ways.

Given the success in using gravitational physics to study near equilibrium field the-
ory dynamics, it is natural to attempt to use gravitational dynamics to study far from
equilibrium field theory processes. In this paper we will study the gravitational dual of
the process of equilibration; i.e the dynamical passage of a system from a pure state in
its ‘low temperature’ phase to an approximately thermalized state in its high temperature
phase (see [35-48] for closely related earlier work and [49-52] for analyses of thermalization
directly in large N gauge theories). As has been remarked by several authors, this process
is dual to the gravitational process of black hole formation via gravitational collapse. The
dynamical process is fascinating in its own right, but gains additional interest in asymptot-
ically AdS spaces because of its link to field theory equilibration dynamics. In this paper
we study asymptotically AdS (and briefly asymptotically flat) collapse processes in a weak
field limit that displays rich dynamics while allowing for analytic control.

!See [1-20] for a recent structural understanding of this connection. See the reviews [21-23]for references
to important earlier work. See also [24-34] for related line of development.



Vacuum:'g AdS

Figure 1. Cross section of the causal diagram for the collapse process in an asymptotically global
AdSg4+1 space. The conventional Penrose diagram for this process would include only the half of
the diagram that to the right of its vertical axis of symmetry

An AdS collapse process that could result in black hole formation may be set up,
following Yaffe and Chesler [53], as follows . Consider an asymptotically locally AdS
spacetime, and let R denote a finite patch of the conformal boundary of this spacetime.
We choose our spacetime to be exactly AdS outside the causal future of R. On R we turn
on the non normalizable part of a massless bulk field. This boundary condition sets up
an ingoing shell of the corresponding field that collapses in AdS space. Under appropriate
conditions the subsequent dynamics can result in black hole formation.

In this paper we will study the AdS collapse scenario (plus a flat space counterpart)
outlined in the previous paragraph in a weak field limit; i.e. we always choose the amplitude
€ of the non normalizable perturbation to be small. In the interest of simplicity we also
focus on situations that preserve a great deal of symmetry, as we explain further below. In
the rest of this introduction we describe the three classes of collapse situations we study,

and the principal results of our analysis.?

2In most of the bulk of the text of this paper we only present formulae for asymptotically AdSgi1
spacetimes for the smallest nontrivial value of d namely d = 3. As we explain in the appendix B however,
most of the qualitative results of our analysis apply to arbitrary odd d for d > 3 and also plausibly to
arbitrary even d for d > 4.



1.1 Translationally invariant asymptotically AdS;.; collapse

In the first part of this paper we analyze spacetimes that asymptote to Poincare patch
AdS,;. 1 space and turn on non normalizable modes on the boundary.?> We choose our non
normalizable data to depend on the boundary time but to be independent of boundary
spatial coordinates. Moreover, our data has support only in the time interval v € (0, §t),
i.e. our forcing functions are turned on only over a limited time interval. Our boundary
conditions create a translationally invariant wave of small amplitude € near the boundary
of AdS. This wave then propagates into the bulk of AdS space.

In section 2 and appendices A and B.1 of this paper we demonstrate that this wave
always results in black brane formation at small amplitude (see figure 1 for the Penrose
diagram of the analogous process in an asymptotically global AdS space). Outside the
event horizon, this black brane formation process is reliably described by a perturbation
expansion in the amplitude. At leading order in perturbation theory the spacetime set up
by this wave takes the Vaidya form* ([59-61], see e.g. [62] for a review)

M)

ds® = 2drdv — <’I“2 =

> dv? + r2da?. (1.1)

This form of the metric is exact for all 7 when v < 0, and is a good approximation to
2

the metric for r > % when v > 0. Our perturbative procedure determines the function

M (v) in (1.1) in terms of the non normalizable data at the boundary; M (v) turns out to

be of order @.5 M (v) reduces to constant M for v > dt in odd d and asymptotes to

that value (like a power in %) in even d.% In either case the spacetime (1.1) describes the
2

process of formation of a black brane of temperature 1" ~ % over the time scale of order

0t. Note that the time scale of formation of the brane is much smaller than its inverse
temperature. This fact allows us to compute the event horizon of the spacetime (1.1) in a
simple and explicit fashion in a power series in dt1T" ~ ¢4, To leading order in € the event
horizon manifold is given by

=

rg(v) =M v>0

(1.2)

=

M

=— v<0
1—Midv

ri(v)

3See [54-57] for other work on Poincare patch AdS solutions forced by time dependent non normalizable
data

4The Vaidya metric is an exact solution for the propagation of a null dust - a fluid whose stress tensor
is proportional to pkuk, for a lightlike vector k, (k, = O, in (1.1)). Note that pk,k, is also the stress
tensor of a massless field in the eikonol or geometric optics approximation. The AdS-Vaidya metric has
been studied before in the context of the AdS/CFT correspondence in, for instance, [58].

"More precisely, let ¢o(v) = ¢ X(57) where x is a function that is defined on (0, 1). Then the energy of
the resultant black brane is % x Alx] where A[x] is a functional of x(z) that is computed later in this
paper.

6M (v) is defined as the coefficient of the r‘f;i term in the metric, in an expansion around small r. In

even d this turns out not to be equal to the mass density of the system, the coefficient of the same term in
the metric when expanded around large r.



All of the spacetime outside the event horizon (1.2) lies within the domain of validity of
our perturbative procedure. Of course perturbation theory does not accurately describe
the process of singularity formation of the black brane. However the region where pertur-
bation theory breaks down (and so (1.1) is not reliable) is contained entirely within the
event horizon of (1.1). Consequently, the region outside perturbative control is causally
disconnected from physics outside the event horizon, so our perturbation procedure gives a
fully reliable description of the dynamics outside the event horizon. It follows in particular
that any singularities that develop in our solution are is always shielded by a regular event

horizon, in agreement with the cosmic censorship conjecture.”

In section 2 we demonstrate that the corrections to the Vaidya metric (1.1) may be
systematically computed in a power series in positive fractional powers of €. At any order in
the perturbation expansion, the metric may be determined analytically for times v < 7!
(T is the temperature of the eventually formed brane). At times of order or larger than
T—!, perturbative corrections to the metric are determined in terms solutions of univer-
sal(i.e. independent of the form of the perturbation) linear differential equations which we
have only been able to solve numerically. Even at late times, however our perturbative
procedure analytically determines the dependence of observables on the functional form of
the non normalizable perturbation, allowing us to draw conclusions that are valid for small
amplitude perturbation of arbitrary form.

Let us now word our results in dual field theoretic terms. Our gravity solution describes
a CFT initially in its vacuum state. Over the time period (0,0t) the field theory is per-
turbed by a translationally invariant time dependent source, of amplitude €, that couples
to a marginal operator. This coupling pumps energy into this system. Our perturbative
gravitational solution gives a detailed description of the subsequent equilibration process;
in particular it gives a precise formula for the temperature of the final equilibrium configu-
ration as a function of the perturbation function. It also, very surprisingly, asserts that for
some purposes® our system appears to thermalize almost instanteneously at leading order
in e. We pause to explain this in detail.?

A field theorist presented with a flow towards equilibrium might choose to probe this
flow by perturbing it with an infinitesimal source, localized at some time. He would then
measure the subsequent change in the solution in response to this perturbation. However
note that the spacetime in (1.1) is identical to the spacetime outside a static uniform black
brane for v > ot when d is odd (and for v > §t for even d). It follows that the response of
our system to any boundary perturbation localized at times v > §t in odd d (and at v > dt
in even d) will be identical to the response of a thermally equilibrated system to the same
perturbation. In other words our system responds to perturbations at v > dt as if it had
equilibrated instanteneously.

A field theorist could also characterize a flow towards equilibrium by recording the

"We thank M. Rangamani for discussions on this point.

8In particular, in even bulk space time dimensions, one point functions of all local operators reduce to
their thermal values as soon as the perturbation is switched off. While thermalization of one point functions
is not instantaneous in odd bulk space times it appears to take place over a time scale of order dt.

9The rest of this subsection was worked out in collaboration with O. Aharony, B. Kol and S. Raju. See
also the paper [48], by Lin and Shuryak, for a very similar earlier discussion. We thank E. Shuryak for
bringing this paper to our attention.



values of all observables as a function of time (in the absence of any further perturbation).
The full set of observables consists of expectation values of the arbitrary product of ‘gauge
invariant’ operators, i.e. quantities that in a gauge theory would take the form

(TrO\TrOy ... TrOy,).

In this paper we work in the strict large N limit (i.e. the strictly classical limit from the dual
bulk viewpoint). In this limit trace factorization (or the classical nature of the dual bulk
theory) ensures that the expectation value of products equals the product of expectation
values. In other words our set of observables is given precisely by the one point functions
of all gauge invariant operators.

Now note that expectation values of all local boundary operators are determined by
the bulk solution in a neighborhood of the boundary values. As the metric (1.1) is identical
to the metric of a uniform black brane in the neighbourhood of the boundary when v > dt,
it follows that the expectation value of all local boundary operators reduce instantaneously
to their thermal values in odd d (and when v > 6t in even d). Consequently, all local
operators appear to thermalize instanteneously.

Not all gauge invariant operators are local, however. A field theorist could also record
the values of non local observables, like circular Wilson Loops of radius a, as a function
of time. As nonlocal observables probe the spacetime away from the boundary, their
expectation values reduce to thermal results only after a larger time that depends on
the size of the loop (this time is proportional to a at small a). So a diligent infinite N
field theorist would be able to distinguish (1.1) from absolute thermal equilibrium at times
greater than dt, but only by keeping track of the expectation values of non local observables.

If one were to retreat away from the large NV limit one would find large new classes of
gauge invariant observables; the connected correlators of, for instance, local gauge invariant
operators. Such correlators also sample spacetime away from the boundary, the distance
scale of this nonlocal sampling being set by the separation between the operator insertions
(see [58] for a detailed discussion of properties of correlation functions in asymptotically
AdS Vaidya type metrics). As in our discussion of Wilson loops above, the time scale for
thermalization of such connected correlators is set by their separation (it is proportional
to their separation when this separation is small).

As we have seen, the time scale of equlibration of the solutions described in this paper
depend on the precise question you ask about it. We would now like to describe a concrete
and possibly practically important experimental sense in which our system behaves as if it
were instanteneously thermally equilibrated.

Consider the response of a CFT in its vacuum to a forcing function that varies —
though only slowly — with Z. We anticipate that at v = dt the corresponding spacetime is
locally (tube wise) well described by a black brane metric with a value of the temprature
that varies with Z (see (5.1) and the discusson arounf it in section 5). According to [1-20],
the subsequent evolution of our system is governed by the equations of boundary fluid
dynamics. The initial conditions for the relevant fluid flow are given at v = dt. Conse-
quently an experimentalist who observes the subsequent fluid flow, and back calculates,
would conclude that his system was thermalized at v = ét.



The thought experiment of the previous paragraph is reminiscent of situation at the
RHIC experiment. The back calculation described in this paragraph, in the context of
that experiment, suggests that the RHIC system is governed by fluid dynamics at times
of order 0.5 fermi after the collision, much faster than suggested by naive estimates for
thermalization time (see [63] and references therein). It is natural to wonder whether the
mechanisims for rapid equilibration of this paper have qualitative applicability to the RHIC
experiment. We leave a serious investigation of this question to future work.

In summary, (1.1) describes a system whose response to additional external pertur-
bations at v > dt is identical to that of a thermally equilibrated system and whose one
point functions of local operators also instanteneously thermalize. However expectation
values of non local observables (or correlators) thermalize more slowly, over a time scale
that depends on the smearing size of the observable (or correlator). We find instantenous
thermalization of expectation values local operators and the scale dependence in the pro-
cess of equilibration fascinating. In fact this discussion is reminiscent of precursors in the
AdS/CFT correspondence [64-67].

We emphasize that our discussion of thermalization applies only at leading order in €
expansion. Indeed our analysis was based on (1.1) which accurately describes our spacetime
only at leading order in €. At sub leading orders (1.1) is corrected by perturbations that
decay to the black brane result only over the time scale 1/7, in accordance with naive
expextation. Consequently, the instantaneous thermalization of expectation values of local
operators is corrected by sub leading equilibration process that take place over the time
scale 1/T, the thermalization of linear fluctuations about a brane of temperature 7'. Note,
in particular, that we have no reason so suspect that thermalization occurs over a time

period that is faster than the naive estimate v = % when € is of order unity or larger.

1.2 Spherically symmetric collapse in flat space

We next turn to the perturbative study of spherically symmetric collapse in an asymptoti-
cally flat space. Consider a spherically symmetric shell, propagating inwards, focused onto
the origin of an asymptotically flat space. Such a shell may qualitatively be characterized
by its thickness and mass, or (more usefully for our purposes) by the Schwarzschild radius
rg associated with this mass. It is a well appreciated fact that this collapse process may
reliably be described in an amplitude expansion when y = 4 is very small. The starting
point for this expansion is the propagation of a free scalar shell. This free motion receives
weak scattering corrections at small y, which may be computed perturbatively.

In section 3 of this paper we demonstrate that this flat space collapse process may also
be reliably described in an amplitude expansion at large y. In section 3 and appendix B.2
we study this collapse process mainly in odd d (i.e. in even bulk spacetime dimensions). The
starting point for this expansion is a Vaidya metric similar to (1.1), whose event horizon
we are able to reliably compute in a power series expansion in inverse powers of y. Outside
this event horizon the dilaton is everywhere small and the Vaidya metric receives only weak
scattering corrections that it may systematically be computed in a power series in i at
large y. As in the previous subsection, our perturbative procedure is not valid everywhere;



however the breakdown of perturbation theory occurs entirely within the event horizon,
and so does not impinge on our control of the solution outside the event horizon.

At early times we are able to determine the perturbative corrections to the metric
(order by order in %) in an entirely analytic manner. However late time corrections to
the metric are computed in terms of the solutions to relevant universal linear differential
equations, which we have not been able to solve analytically. However our perturbative
solutions carry a considerable amount of information, even in the absence of an explicit
analytic solution to the relevant differential equation. As an example, in section 3 we de-
termine the fraction of energy of the incident pulse that is radiated back out to infinity
to nontrivial leading order in the expansion in é We are able to analytically determine
the dependence of this fraction on the shape of the incident pulse upto an overall con-
stant (see (3.34)). The determination of the value of this constant requires knowledge of
the explicit solution of the ‘universal’ differential equation listed in section 3, and may
presumably be determined numerically.

An order parameter (the presence of an event horizon at late times) distinguishes small
y from large y behavior, so the transition between them must be sharp. This observation
was originally made about twenty years ago in classic paper by Christodoulou (see [68])
and references therein) who rigorously demonstrated that collapse at arbitrarily large y
results in black hole formation, while collapse at small y does not. As the fascinating
transition between small and large y behaviors (which has been extensively in a programme
of numerical relativity initiated by Choptuik [69])!° presumably occurs at y of order unity.
Consequently it cannot be studied in either the small y or the large y expansions described
in our paper.

As we do not have a holographic description of gravitational dynamics in an asymp-
totically flat space, we are unable to give a direct dual field theoretic interpretation of our
results reviewed in this subsection. See however, the next subsection.

1.3 Spherically symmetric collapse in asymptotically global AdS

The process of spherically symmetric collapse in an asymptotically global AdS space consti-
tutes an interesting one parameter interpolation between the collapse processes described
in subsections 1.1 and 1.2. We study such collapse processes in section 4 of this paper. In
section 4 we have studied this collapse situation in detail only in d = 3. In this subsec-
tion we report the generalization of these results to arbitrary odd dimension, which may
qualitatively be inferred from the results of appendix B.

Consider a global AdS space, whose boundary is taken to be a sphere of radius R
x time. Consider a collapse process initiated by radially symmetric non normalizable
boundary conditions that are turned on, uniformly over the boundary sphere, over a time
interval dt. The amplitude € of this perturbation together with the dimensionless ratio

— ot

x = T, constitute the two qualitatively important parameters of this perturbation. In the

limit x — 0 it is obvious that the collapse process of this subsection effectively reduces to

198¢e [70, 71] for reviews and [72-77] for recent work interpreting this transition in the context of the
AdS/CFT correspondence.



the Poincare patch collapse process described in subsection 1.1, and results in the formation
of a black hole that is large compared to the AdS radius (and so locally well approximates
a flat black brane); quantitatively this turns out to work for x < . When 2 > ed the
most interesting part of the collapse process takes place in a bubble of approximately flat
space. In this case the solution closely resembles a wave propagating in AdS space at large
r, glued onto a flat space collapse process described in subsection 1.2.11 Following through

the details of the gluing process, it turns out that the inverse of the effective flat space y
2d 2

parameter (see subsection 1.2) is given by & 22 . The parameter y is of order unity when
cd—2

T~ eﬁ. We conclude that the end point of the global AdS collapse process is a black

hole for x < ed 1 but a scattering dilaton wave for z > ed 1
d—2

The minimum mass of black holes formed through this process is % (we work in
units in which the mass of the black hole is simply the long time value of the parameter
M in (4.10), the global analogue of (1.1)). Let us contrast this with the minimum mass of
black holes that we expect to be produced when we pump energy into the more slowly (i.e.
through a forcing function whose time variation is of order + ) but over a long time period.
As we have described above, slow forcing deposits energy into the gravitational thermal
gas. By continually forcing the system one creates a thermal gas of increasing energy. At a
critical energy density of order , however, density fluctuations in this thermal gas become
unstable [78]; the end point of thls instability is believed to be a black hole. Clearly this
slow pumping in of energy produces black holes of energy % or greater. It follows that
black hole production can be produced more efficiently (i.e. at lower energies) via rapid
forcing than via a slow pumping in of energy into the system.

As we have explained above, when € < 1 and when x < eﬁ, we are able to reliably es-
tablish black hole formation within perturbation theory (see figure 1 for a Penrose diagram
of this process). As in the previous two subsections, the starting point of the perturbative
expansion always turns out to be a metric of the Vaidya form, whose event horizon we
are able to reliably compute. Our metric receives only small scattering corrections outside
the event horizon. Although the perturbative procedure breaks down badly near the black
hole singularity, that is irrelevant for the physics outside the event horizon.

On the other hand, when x > = (but at small €), the incident waves simply scatter
through the origin, and subsequently undergo periodic motion in AdS space. This free
motion is corrected by interaction effects that will eventually cause this dilaton pulse to

HThis statement is only correct at times v < %. To see why recall that when a collapsing shell in flat
space forms a black hole, some of its energy is radiated out to Z*. The resolution of the infalling shell into a
static black hole and plus a shell radiated out to infinity occurs over a time scale set by 7 the Schwarszshild
radius associated with the infalling matter. In AdS space this shell eventually reflects off the boundary
of AdS space at times of order % (note that this is a much larger length scale than rz when the black
hole is small enough) and then is refocussed on the origin of space. This process repeats itself unendingly;
eventaully all of the energy of the intitial shell is absorbed by the black hole. Consequently AdS collapse
processes always differ significantly from their flat space counterparts for v < %4 In particular, while such
a process can result in the formation of arbitrarily small mass black holes over time scale %7 the mass of
black holes created at long times is bounded from below (see below for an estimate). We thank V. Hubeny
for a discussion on this point.
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Figure 2. The ‘Phase Diagram’ for our dynamical stirring in global AdS. The final outcome is a
large black hole for 2 < €@ (below the dashed curve), a small black hole for z < €T (between the
solid and dashed curve) and a thermal gas for x > ¢7 7. The solid curve represents non analytic
behaviour (a phase transition) while the dashed curve is a crossover.

deviate significantly from its free motion over a time scale that we expect to scale like a
2d—2

positive power of Z2= times the inverse radius of the sphere.!
ed—2

Let us now reword our results in field theory terms. Any CFT that admits a two

2

derivative gravity dual description undergoes a first order finite temperature phase tran-
sition when studied on S?~!. The low temperature phase is a gas of ’glueballs’ (dual to
gravitons) while the high temperature phase is a strongly interacting, dissipative, ‘plasma’
(dual to the black hole). The gravitational solutions of this paper describe such a CFT on
a sphere, initially in its vacuum state. We then excite the CFT over a time ¢ by turning on
a spherically symmetric source function that couples to a marginal operator. The most im-
portant qualitative question about the subsequent equilibration process is: in which phase
does the system eventually settle down within classical dynamics (i.e. ignoring tunneling
effects) 7 Our gravitational solutions predict that the system settles in its free particle
phase when x > 6ﬁ but in the plasma phase when x <« ed_il. As in subsection 1.1 the
equilibration in the high temperature phase is almost instantaneous. However equilibration
in the low temperature phase appears to occur over a much longer time scale. We note
also that the transition between these two end points appears to be singular (this is the
Choptuik singularity) in the large N limit.'®> This singularity is presumably smoothed out
by fluctuations at finite IV, a phenomenon that should be dual to the smoothing out of a
naked gravitational singularity by quantum gravity fluctuations.

12WWe expect this pulse to thermalize over an even longer time scale, one that scales as a positive power
of the larger number, f—;i.

13See section 5 for a discussion of the effects of potential Gregory-Laflamme type instabilities near this
singular surface.



In the rest of this paper and in the appendices we will present a detailed study of the
collapse scenarios outlined in this introduction. In the last section of this paper we also
present a discussion of our results.

2 Translationally invariant collapse in AdS

In this section we study asymptotically planar (Poincare patch) AdSzy1 solutions to nega-
tive cosmological constant Einstein gravity interacting with a minimally coupled massless
scalar field (note that this system obeys the null energy condition). We focus on solutions
in which the boundary value of the scalar field takes a given functional form ¢g(v) in the
interval (0,dt) but vanishes otherwise. The amplitude of ¢g(v) (which we schematically
refer to as e below) will be taken to be small in most of this section. The boundary dual
to our setup is a d dimensional conformal field theory on R L1 perturbed by a spatially
homogeneous and isotropic source function, ¢g(v), multiplying a marginal scalar operator.
Note that our boundary conditions preserve an R4~! x SO(d — 1) symmetry (the R4!
factor is boundary spatial translations while the SO(d — 1) is boundary spatial rotations).
In this section we study solutions on which R~ x SO(d — 1) lifts to an isometry of the
full bulk spacetime. In other words the spacetimes studied in this section preserve the
maximal symmetry allowed by our boundary conditions. As a consequence all bulk fields
in our problem are functions of only two variables; a radial coordinate r» and an Eddington
Finkelstein ingoing time coordinate v. The chief results of this section are as follows:

e The boundary conditions described above result in black brane formation for an

arbitrary (small amplitude) source functions ¢g(v).

e Outside the event horizon of our spacetime, we find an explicit analytic form for
the metric as a function of ¢g(v). Our metric is accurate at leading order in the e
expansion, and takes the Vaidya form (1.1) with a mass function that we determine
explicitly as a function of time.

e In particular, we find that the energy density of the resultant black brane is given,
to leading order, by

9d—1 (ﬂ)! 2 oo as1 2
“ o <<d31>!> /oo((f’t %“))) (21)

in odd d and by

1 52 52
02 = —mw /dtldtgatl ¢0(t1)ln(t1 - t2)9(t1 — t2)8t2 ¢0(t2) (22)

2

in even d. Note that, in each case, Cy ~ (5€W'

e We find an explicit expression for the event horizon of the resultant solutions, at
leading order, and thereby demonstrate that singularities formed in the process of
black brane formation are always shielded by a regular event horizon at small e.
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e Perturbation theory in the amplitude € yields systematic corrections to this leading
order metric. We unravel the structure of this perturbation expansion in detail and
compute the first corrections to the leading order result.

While every two derivative theory of gravity that admits an AdS solutions admits a
consistent truncation to Einstein gravity with a negative cosmological constant, the same
statement is clearly not true of gravity coupled to a minimally coupled massless scalar field.
It is consequently of considerable interest to note that results closely analogous to those
described above also apply to the study of Einstein gravity with a negative cosmological
constant. In appendix A we analyze the process of black brane formation by gravitational
wave collapse in the theory of pure gravity (similar to the set up of [53]), and find results
that are qualitatively very similar to those reported in this section. The solutions of
appendix A yield the dual description of a class of thermalization processes in every 3
dimensional conformal field theory that admits a dual description as a two derivative
theory of gravity. In fact, the close similarity of the results of appendix A with those
of this section, lead us to believe that the results reported in this section are qualitatively
robust. In particular we think it is very likely that results of this section will qualitatively
apply to the most general small amplitude translationally invariant collapse process in the
systems we study.

2.1 The set up

Consider a minimally coupled massless scalar (the ‘dilaton’) interacting with negative cos-

mological constant Einstein gravity in d + 1 spacetime dimensions
d(d—1 1
S = /dd“x\@ <R — % — §(a¢)2> (2.3)

The equations of motion that follow from the Lagrangian (2.3) are
d(d

LU %(8«5)2) =0

1
E;w = G;w - §au¢au¢ + G <_ 5

V26 =0

where the indices pu, v range over all d + 1 spacetime coordinates. As mentioned above, in

(2.4)

this section we are interested in locally asymptotically AdS;,1 solutions to these equations
that preserve an R x SO(d — 1) symmetry group. This symmetry requirement forces
the boundary metric to be Weyl flat (i.e. Weyl equivalent to flat R¥~11); however it allows
the boundary value of the scalar field to be an arbitrary function of boundary time v. We
choose this function as

¢o(v) =0 (v<0)
po(v) <e (0<w<dt) (2.5)
do(v) =0 (v > ot)

(we also require that ¢g(v) and its first few derivatives are everywhere continuous.?).

14We expect that all our main physical conclusions will continue to apply if we replace our ¢y — which
is chosen to strictly vanish outside (0,t) — by any function that decays sufficiently rapidly outside this
range.
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Everywhere in this paper we adopt the ‘Eddington Finkelstein’ gauge ¢, = g = 0
and g,, = 1. In this gauge, and subject to our symmetry requirement, our spacetime takes
the form

ds® = 2drdv — g(r,v)dv® + f?(r,v)dz?
¢ = o(r,v).

The mathematical problem we address in this subsection is to solve the equations of

(2.6)

motion (2.4) for the functions ¢, f and g, subject to the pure AdS initial conditions

g(r,v) =r* (v<0)
f(r,o)=r (v<0) (2.7)
o(r,v) =0  (v<0)

and the large r boundary conditions

TG

r—oo T

fim L) _ (2.8)
r—00 r

Tll{{.lo (b(?”, 1)) = ¢o (U)

The Eddington Finkelstein gauge we adopt in this paper does not completely fix gauge
redundancy (see [53] for a related observation). The coordinate redefinition r = 7 + h(v)
respects both our gauge choice as well as our boundary conditions. In order to completely
define the mathematical problem of this section, we must fix this ambiguity. We have
assumed above that f(r,v) = r 4+ O(1) at large r. It follows that under the unfixed
diffeomorphism, f(r,v) — f(r,v) + h(v) + O(1/r). Consequently we can fix this gauge
redundancy by demanding that f(r,v) ~ r + O(1/r) at large r. We make this choice in
what follows. As we will see below, it then follows from the equations of motion that
g(r) = r? + O(1). Consequently, the boundary conditions (2.8) on the fields g, f and ¢,
may be restated in more detail as

o (1+0(2))
Fro) =r <1 + O<712>> (2.9)

6(r0) = éu(0) + 0 1)

r

Equations (2.4), (2.6), (2.7) and (2.9) together constitute a completely well defined dy-
namical system. Given a particular forcing function ¢(v), these equations and boundary
conditions uniquely determine the functions ¢(r,v), g(r,v) and f(r,v).

2.2 Structure of the equations of motion

The nonzero equations of motion (2.4) consist of four nontrivial Einstein equations FE.,,
E,y, Ey and ), By (where the index ¢ runs over the d — 1 spatial directions) together
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with the dilaton equation of motion. For the considerations that follow below, we will find
it convenient to study the following linear combinations of equations

Ecl =g"Eur
E} = 9" B
EGC - ng/E T
L (2.10)
Eq = Z Eii
i=1
Ey,=V?%p

Note that the equations E! and E? are constraint equations from the point of view of
v evolution.

It is possible to show that E; and % both automatically vanish whenever E! =
E? = E4 = 0. This implies that this last set of three independent equations — supple-
mented by the condition that rFEe. = 0 at any one value of r — completely exhaust the
dynamical content of (2.4). As a consequence, in the rest of this paper we will only bother
to solve the two constraint equations and the dilaton equation, but take care to simulta-
neously ensure that rFE.. = 0 at some value of r. It will often prove useful to impose the
last equation at arbitrarily large r. This choice makes the physical content of rFE.. = 0

manifest; this is simply the equation of energy conservation in our system.'?

2.2.1 Explicit form of the constraints and the dilaton equation

With our choice of gauge and notation the dilaton equation takes the minimally cou-

pled form
Or <fd‘1g&~¢> + Oy <fd‘1&»<b) + Oy <fd‘18v¢) =0 (2.11)
Appropriate linear combinations of the two constraint equations take the form
2(d —1)9?
(0,0)° = ~ 2= V0T
f (2.12)

Or (F17290,f + 21720, 1) = f*7d

Note that the equations (2.12) (together with boundary conditions and the energy
conservation equation) permit the unique determination of f(r,vg) and g(r,vg) in terms
of ¢(r,v9) and ¢(r,vp) (where vy is any particular time). It follows that f and g are not
independent fields. A solution to the differential equation set (2.11) and (2.12) is completely
specified by the value of ¢ on a constant v slice (note that the equations are all first order
in time derivatives, so qﬁ on the slice is not part of the data of the problem) together with
the boundary condition ¢g(v).

51t turns out that both FE,; and the dilaton equation of motion are automatically satisfied whenever Fec
together with the two Einstein constraint equations are satisfied. Consequently Fec plus the two Einstein
constraint equations form another set of independent equations. This choice of equations has the advantage
that it does not require the addition of any additional condition analogous to energy conservation. However
it turns out to be an inconvenient choice for implementing the € expansion of this paper, and we do not
adopt it in this paper.
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2.3 Explicit form of the energy conservation equation

In this section we give an explicit form for the equation E.. = 0 at large r. We specialize
here to d = 3 but see appendix B.1 for arbitrary d. Using the Graham Fefferman expansion

to solve the equations of motion in a power series in % we find

flrv) =7 <1 - g + T—14 (ﬁ(ﬁgo)‘l - éL(v)¢30> + O(%))

g(nv) — 2 <1 . 3(¢0)2 B M(U) + O<T_14>> (213)

472 r3

o(r,v) = ¢o(v) + % + L(v) + O(%)

r3

where the functions M (v) and L(v) are undetermined functions of time that are, however,
constrained by the energy conservation equation Fe., which takes the explicit form

M = ¢y <g(¢50)3 - % - %@50) (2.14)

In all the equations in this subsection and in the rest of the paper, the symbol P denotes

the derivative of P with respect to our time coordinate v. Solving for M (v) we have!©

My =3 [ at ((%)2 +2(40)" - 3¢30L<t>) (2.19)

2.4 The metric and event horizon at leading order

Later in this section we will solve the equations of motion (2.11), (2.12) and (2.14) in an
expansion in powers of €, the amplitude of the forcing function ¢¢(v). In this subsection
we simply state our result for the spacetime metric at leading order in e. We then proceed

We note parenthetically that (2.14) may be rewritten as

. 1.
1Y = F00L (2.15)

where the value £ of the operator dual to the scalar field ¢ and the stress tensor T,3 are given by

L= lim 7* (9,6 + 9°9)

T—00
1 251 (216)
7y = i o (i - (0 - 2t - gy 4 S50 OO0,
Where
K}’ = Extrinsic curvature of the constant r surfaces, K = K}, (2.17)
Gl = Einstein tensor evaluated on the induced metric of the constant r surfaces ‘
yielding
Ty = —2T¢ = —2TY = M(v)
(2.18)

L:%%—u@—ﬁ@
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to compute the event horizon of our spacetime to leading order in e. We present the com-
putation of the event horizon of our spacetime before actually justifying the computation
of the spacetime itself for the following reason. In the subsections below we will aim to
construct the spacetime that describes black hole formation only outside the event horizon.
For this reason we will find it useful below to have a prior understanding of the location
of the event horizon in the spacetimes that emerge out of perturbation theory.

We will show below that to leading order in €, our spacetime metric takes the Vaidya
form (1.1). The mass function M (v) that enters this Vaidya metric is also determined
very simply. As we will show below, it turns out that L(v) ~ O(e®) on our perturbative
solution. It follows immediately from (2.19) that the mass function M (v) that enters the
Vaidya metric, is given to leading order by

M(v) = Co(v) + (’)(64)
Ca(v) = _%/ dto(t) b (t) (220)

—00
(Here C4 is the approximation to the mass density, valid to second order in the amplitude
expansion, see below).
Note that, for v > dt, Cy(v) reduces to a constant M = Cy given by

1 €2

C2 =3 /Oo dt <<i50(t)>2 ~ G (2.21)

—00
In the rest this subsection we proceed to compute the event horizon of the leading
2
order spacetime (1.1) in an expansion in €3 expansion. Let the event horizon manifold of

our spacetime be given by the surface S = r — ry(v) = 0. As the event horizon is a null
manifold, it follows that 0,50, S¢g"” = 0, and we find

2
7 (v)
As M (v) reduces to the constant M = Cy for v > §t, it follows that the event horizon must

reduce to the surface ry = M3 at late times. It is then easy to solve (2.22) for v < 0 and
v > 0t; we find

dv 2

ru(v) = M3, v > 6t (2.23)
rg(v) = M%x<%>, 0<wv<dt (2.24)
1 1
= —U + R T v S 0 (225)
rH(v) M3z(0)
(2.26)

(2.27)
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and must be solved subject to the final state conditions x = 1 for y = 1. (2.27) is easily
solved in a perturbation series in a. We set

w(y) =1+ a"zu(y) (2.28)

and solve recursively for z,,(t). To second order we find!”

1 1_M(25t)
Cﬂl(y):—/ dz (72]‘/[ )
)

(2.29)
z2(y) = —/yldz 71(2) (1 + %)
In terms of which
)=t (1 an(5) +atn(B) vow)) 0<v<m e

Note in particular that, to leading order, ry(v) is simply given by the constant M 5
for all v > 0.

2.5 Formal structure of the expansion in amplitudes

In this subsection we will solve the equations (2.11), (2.12) and (2.14) in a perturbative
expansion in the amplitude of the source function ¢g(v). In order to achieve this we formally
replace ¢,(v) with ego(v) and solve all equations in a power series expansion in e. At the
end of this procedure we can set the formal parameter ¢ to unity. In other words € is a
formal parameter that keeps track of the homogeneity of ¢g. Our perturbative expansion
is really justified by the fact that the amplitude of ¢¢ is small.

In order to proceed with our perturbative procedure, we set

g(r,v) = Ze"gn(r,v) (2.31)

gb(T’ v) = Z €' on (T’ v)

n=0
with
fO(T? U) =T, gO(Ta ’U) = T25 ¢0(Ta ’U) =0. (232)

"In this section we only construct the event horizon for the Vaidya metric. The actual metrics of interest

to this paper receive corrections away from the Vaidya form, in powers of Mdt. Consequently, the event
horizons for the actual metrics determined in this paper will agree with those of this subsection only at
leading order in Mdt. The determination of the event horizon of the Vaidya metric at higher orders in
Mét, is an academic exercise that we solve in this subsection largely because it illustrates the procedure
one could adopt on the full metric.
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We then plug these expansions into the equations of motion, expand these equations in a
power series in €, and proceed to solve these equations recursively, order by order in e.

The formal structure of this procedure is familiar. The coefficient of €” in the equations
of motion take the schematic form

H;-Xgl(r,v)) = s (2.33)

Here XZ]'V stands for the three dimensional ‘vector’ of n'” order unknowns, i.e. x5 = fn,
X2 = g, and x3 = ¢,. The differential operator sz is universal (in the sense that it is
the same at all n) and has a simple interpretation; it is simply the operator that describes
linearized fluctuations about AdS space. The source functions si, are linear combinations
of products of x%, (m < n) ; the sum over m over fields that appear in any particular term
adds up to n.

The equations (2.33) are to be solved subject to the large r boundary conditions

Tim 1(r,v) = go(r)
On(r,v) <O1/r), n>2 (2.34)
fulr,v) <O1/r), >1
gn(T,U) S O(r)a Z 1
together with the initial conditions
On(r,v) = gn(r,v) = fu(r,v) =0 for v<0 (n>1) (2.35)

These boundary and initial conditions uniquely determine ¢,,, g, and f, in terms of the
source functions.

All sources vanish at first order in perturbation theory (i.e the functions s} are zero).
Consequently, the functions f; and g; vanish but ¢ is forced by its boundary condition
to be nonzero. As we will see below, it is easy to explicitly solve for the function ¢.
This solution, in turn, completely determines the source functions at O(e?) and so the
equations (2.33) unambiguously determine go, ¢2 and fo. This story repeats recursively.
The solution to perturbation theory at order n — 1 determine the source functions at order
n and so permits the determination of the unknown functions at order n. The final answer,
at every order, is uniquely determined in terms of ¢g(v).

To end this subsection, we note a simplifying aspect of our perturbation theory. It
follows from the structure of the equations that ¢,, is nonzero only when n is odd while f,,
and g,, are nonzero only when m is even. We will use this fact extensively below.

2.6 Explicit results for naive perturbation theory to fifth order

We have implemented the naive perturbative procedure described above to O(e°). Before
proceeding to a more structural discussion of the nature of the perturbative expansion, we

pause here to record our explicit results.
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At leading (first and second) order we find

61(r,0) = Gofw) + 2
folr,v) = _%7(23 (2.36)
plr,) = -2 35

At the next order

¢3(r,v) = 1 /U B(z) dx

ar3 J_

niro) = S 0 {iges [ B as
t 153 (33(0)% — 430 + 3450/1) B(t)df>
while ¢5 is given by
bsr0) == [ Bila) do
v v Yy
+ 6—7{4 By(w) du + %4/ dy/ Bi(z) do
L L (2.38)
—l—F 7OOB2(9U) dx + @/mdy/mBg(m) dx
5 v z y
* 2473 /_oo e /—oo W /—oo Bule) d
In the equations above
B(v) = o |~Ca(v) + dodo |
B = (~3Ca(0) + Lawin ) [ Bo) o
+5Co(0)d + SRBE) - 5o (2:39)

Bs(v) = Cy(v)go

Bs(v) = i (—304)3 / ' B(z) dx + 7¢3>

and the energy functions Cy(v) and Cy(v) (obtained by integrating the energy conservation
equation) are given by

Cy(v) = /_OO dt%éo <_¢g + /_;B(x) dm)

CQ(’U) == —/ dt%gﬁd&o
>~ (2.40)
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For use below, we note in particular that at v = Jt the mass of the black brane is given

by Co(dt) — Cy4(t) + O(€®) while the value of the dilaton field is given by

1 ot
B
o(r,ot) = ) () dx
1 ot 1 ot
5 5t
— 2.41
+ 247"3/ dz/ dy/ By(x) dx (2.41)
ot
247“4/ dy/ B1 dx—|— Bg( ) dx
tg5 | D@ +0()

2.7 The analytic structure of the naive perturbative expansion

In this subsection we will explore the analytic structure of the naive perturbation expansion
in the variables v (for v > dt) and r. It is possible to inductively demonstrate that

1. The functions ¢op11, gont2 and fo,i1o have the following analytic structure in the

variable r
2n—2 |k
Pny1(V)
Pan+1(1,0) = Z a1k (n>2)
k=0
2n— 6f
fon(r,v) —TZ 2n k’ (n>3) (2.42)

2n—>5
Caon (1) g
gonlr,v) = 220 §; if;jk . (n>3)

Co ((5t)

T

Moreover, when v > 6t ¢1(r,v) = fo(r,v) = fa(r,v) = 0 while go(r,v) = — and

gu(r,) = S8,

2. The functions ¢, (v), f%,(v) and g5,(v) are each functionals of ¢o(v) that scale
like A=2n—1HE \=2n+k and A=27+E—1 regpectively under the scaling v — Av.

3. For v > 4t the functions qﬁén 4+1(v) are all polynomials in v of a degree that grows
with n. In particular the degree of ¢§ 41 at most n — 1 + k; the degree of fX s at
most n — 3 + k and the degree of glgn is at most n — 4 + k.

The reader may easily verify that all these properties hold for the explicit low order

solutions of the previous subsection.

2.8 Infrared divergences and their cure

The fact that ¢o,41(v) are polynomials in time whose degree grows with n immediately
implies that the naive perturbation theory of the previous subsection fails at late positive
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times. We pause to characterize this failure in more detail. As we have explained above,
the field ¢(r, v) schematically takes the form

2n+1 4k
€ P3nt1
7,,Qn-l-l—k
n,k
k ,Un71+k . . . . « e . 6%
where ¢3, 1 ~ e at large times. Let us examine this sum in the vicinity r ~ 5, a

surface that will turn out to be the event horizon of our solution. The term with labels n, k

scales like € x (e% %)"*Hk . Now é = T is approximately the temperature of a black brane
of event horizon rg. We conclude that the term with labels n, k scales like (vT)"~ 14k, Tt
follows that, at least in the vicinity of the horizon, the naive expansion for ¢ is dominated
by the smallest values of n and k when dt7T" < 1. On the other hand, at times large
compared to the inverse temperature, this sum is dominated by the largest values of k and
n. As the sum over n runs to infinity, it follows that naive perturbation theory breaks
down at time scales of order 7.

A long time or IR divergence in perturbation theory usually signals the fact that the
perturbation expansion has been carried out about the wrong expansion point; i.e. the zero
order ‘guess’ with which we started perturbation (empty AdS space) does not everywhere
approximate the true solution even at arbitrarily small €. Recall that naive perturbation
theory is perfectly satisfactory for times of order jv so long as r > 5;. Consequently this
perturbation theory may be used to check if our spacetime metric deviates significantly
from the pure AdS in this range of r and at these early times. The answer is that it does,
even in the limit ¢ — 0. In order to see precisely how this comes about, note that the most
singular term in go, is of order r x 7,2% for n > 1, the exact value of gg = 72 = (r x r% X T).
In other words gg happens to be less singular, near r = 0, than one would expect from an
extrapolation of the singularity structure of g, at finite n down ton = 0. As a consequence,
even though gg is of lowest order in €, at small enough r it is dominated b%; the most

singular term in go(r,v). Moreover this crossover in dominance occurs at r ~ % > 5 and
so occurs well within the domain of applicability of perturbation theory. In other words, in
the variable range 7 > ;, g(r,v) is not uniformly well approximated by gy = r? at small

€ but instead by
g(r,v) ~r? — CQ—(U)
r
This implies that, in the appropriate parameter range, the true metric of the spacetime is
everywhere well approximated by the Vaidya metric (1.1), with M (v) given by (2.20) in
the limit € — 0.
Of course even this corrected estimate for g(r,v) breaks down at r ~ 5. However,

as we have indicated above, this will turn 02ut to be irrelevant for our purposes as our
spacetime develops an event horizon at r ~ %

We will now proceed to argue that the metric is well approximated by the Vaidya
form at all times (not just at early times) outside its event horizon, so that the Vaidya
metric (1.1) rather than empty AdS space, constitutes the correct starting point for the

perturbative expansion of our solution.
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2.9 The metric to leading order at all times

The dilaton field and spacetime metric begin a new stage in their evolution at v = dt. At
later times the solution is a normalizable, asymptotically AdS solution to the equations
of motion. This late time motion is unforced and so is completely determined by two
pieces of initial data; the mass density M (dt) and the dilaton function ¢(r,dt). As the
naive perturbation expansion described in subsection 2.7 is valid at times of order dt,
it determines both these quantities perturbatively in e. The explicit results for these
quantities, to first two nontrivial orders in €, are listed in (2.41).

The leading order expression for the mass density is simply given by Cs in (2.20). Now
if one could ignore ¢(r, dt) (i.e. if this function were zero) this initial condition would define
a unique, simple subsequent solution to Einstein’s equations; the uniform black brane with
mass density Co. While ¢(r,dt) is not zero, we will now show it induces only a small
perturbation about the black brane background.

In order to see this it is useful to move to a rescaled variable 7 = . In terms of this

Ccs
rescaled variable, our solution at v = dt is a black brane of unit energy density, perturbed
by ¢(r,6t). With this choice of variable the background metric is independent of €, so that
all € dependence in our problem lies in the perturbation. It follows that, to leading order

in e ( recall ¢;(r,dt) =0)

95 2 1 9o >
6(r, 5t) = ¢37f3t) (1+0(c)) = = x %Jf/) (1+0(h) ~ 5 (2.43)
where, from subsection 2.6
1 ot
A1) = | / B(x) da (2.44)

The important point here is that the perturbation is proportional to € and so represents
a small deformation of the dilaton field about the unit energy density black brane initial
condition. Moreover, any regular linearized perturbation about the black brane may be
re expressed as a linear sum of quasinormal modes about the black brane and so decays
exponentially over a time scale of order the inverse temperature. It follows that the initialy
small dilaton perturbation remains small at all future times and in fact decays exponentially
to zero over a finite time. The fact that perturbations about the Vaidya metric (1.1) are
bounded both in amplitude as well as in temporal duration allows us to conclude that the
event horizon of the true spacetime is well approximated by the event horizon of the Vaidya
metric at small €, as described in subsection 2.4.

2.10 Resummed versus naive perturbation theory

Let us define a resummed perturbation theory which uses the corrected metric (1.1) (rather
than the unperturbed AdS metric) as the starting point of an amplitude expansion. This
amounts to correcting the naive perturbative expansion by working to all orders in M ~ €2,
while working perturbatively in all other sources of ¢ dependence.'® As we have argued

above, resummed perturbation theory (unlike its naive counterpart) is valid at all times.

8 This is conceptually similar to the coupling constant expansion in finite temperature weak coupling
QED. There, as in our situation, naive perturbation theory leads to IR divergences, which are cured upon
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We have seen above that the naive perturbation theory gives reliable results when
vI' <« 1. This fact has a simple ‘explanation’; we will now argue that the resummed
perturbation theory (which is always reliable at small €) agrees qualitatively with naive
perturbation theory v7T" < 1.

At each order, resummed perturbation theory involves solving the equation

d, [r‘l <1 — ]\{ﬂ(;})> 8r¢] + 2r0,0,(r¢) = source (2.45)

The naive perturbation procedure requires us to solve an equation of the same form but

M)

r3
are comparable, so that the resummed and naive perturbative expansions can agree only

with M set to zero. In the vicinity of the horizon, the two terms in the expression (1—

when the entire first term on the L.h.s. of (2.45) is negligible compared to the second term
on the Lh.s. of the same equation. The ratio of the first term to the second may be
approximated by rv where v is the time scale for the process in question. Now the term
multiplying the mass in (2.45) is only important in the neighborhood of the horizon, where
7~ M3 ~ T where T is the temperature of the black brane. It follows that resummed and
naive perturbation expansions will differ substantially from each other only at time scales
of order and larger than the inverse temperature.

Let us restate the point in a less technical manner. The evolution of a field ¢, outside
the horizon of a black brane of temperature 7', is not very different from the evolution of the
same field in Poincare patch AdS space, over time scales v where vT < 1. However the two
motions differ significantly over time scales of order or greater than the inverse temperature.
In particular, in the background of the black brane, the field ¢ outside the horizon decays
exponentially with time over a time scale set by the inverse temperature; i.e. the solution
involves factors like e 7. As the temperature is itself of order eg, naive perturbation
theory deals with these exponentials by power expanding them. Truncating to any finite
order then gives apparently divergent behavior at large times. Resummed perturbation
theory makes it apparent that these divergences actually resum into completely convergent,
decaying, exponentials.

2.11 Resummed perturbation theory at third order

In the previous subsection we have presented explicit results for the behavior of the dilaton
and metric fields, at small ¢ and for early times vM 5 < 1. The resummed perturbation
theory outlined in this section may be used to systematically correct the leading order
spacetime (1.1) at all times, in a power series in €. Tn this section we explicitly evaluate
the leading order correction in terms of a universal (i.e. ¢ independent) function ¥ (z,y),
whose explicit form we are able to determine only numerically.

Let us define the function ¢ (z,y) as the unique solution of the differential equation

0, <m4 (1 - %) aﬂ/}) 1 220, (2) = 0 (2.46)

exactly accounting for the photon mass (which is of order g%,;). Resummed perturbation theory in that
context corresponds to working with a modified propagator which effectively includes all order effects in
the photon mass, while working perturbatively in all other sources of the fine structure constant a.
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Figure 3. Numerical solution for dilaton to the leading order in amplitude at late time

1
X
3&—13. The leading order solution to the resummed perturbation theory for ¢, for v > dt, is

subject to the boundary condition ) ~ O(=5) at large = and the initial condition ¢ (z,0) =

given by

9 r 1
¢ = %%M% (v — 6t)M3> (2.47)

Unfortunately, the linear differential equation (2.46) — appears to be difficult to solve
analytically. In this section we present a numerical solution of (2.46). Although we are
forced to resort to numerics to determine t(z,y), we emphasize that a single numeri-
cal evaluation suffices to determine the leading order solution at all values of the forcing
function ¢g(v). This may be contrasted with an ab initio numerical approach to the full
nonlinear differential equations, which require the re running of the full numerical code for
every initial function ¢g. In particular the ab initio numerical method cannot be used to
prove general statements about a wide class of forcing functions ¢y.

In figure 3 we present a plot of w(%,y) against the variables u and y. The exterior
of the event horizon lives in the compact interval % =u € (0,1), and in our figure y runs
from zero to three.

In order to obtain this plot we rewrote the differential equation (2.46) in terms of

the variable v = %

(as explained above) and worked with the field variable y(u,y) =
(1- u)z/)(%,y) Recall that our original field 1 is expected to be regular at the horizon

u = 1 at all times. This expectation imposes the boundary condition x(.999999,y) = 0.
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Figure 4. A plot of w(ﬁ,y) as a function of y

We further imposed the condition of normalizability x(0,y) = 0 and the initial condition
x(1,0) = (0.999999 — u)u3. Of course 0.999999 above is simply a good approximation to 1
that avoids numerical difficulties at unity. The partial differential equation solving routine
of Mathematica-6 was able to solve our equation subject to these boundary and initial
conditions, with a step size of 0.0005 and an accuracy goal of 0.001; we have displayed
this Mathematica output in figure 3. In order to give a better feeling for the function
Y (z,y) in figure 4 we present a graph of 1/1(0%7, y) (i.e. as a function of time at a fixed radial
location). Notice that this graph decays, roughly exponentially for v > 0.5 and that this
exponential decay is dressed with a sinusodial osciallation, as expected for quasinormal

type behavior. A very very rough estimate of this decay constant w; may be obtained from
¥(g.1.5)
¥ (g7:-5)
brane given by T = %’T) This number is the same ballpark as the decay constant for the

equation = e~ which gives wy ~ 8.9T (here T is the temperature of our black

first quasi normal mode of the uniform black brane, w; = 11.167, quoted in [40].

3 Spherically symmetric asymptotically flat collapse

3.1 The set up

In this section'® we study spherically symmetric asymptotically flat solutions to Einstein
gravity (with no cosmological constant) interacting with a minimally coupled massless

scalar field, in 4 bulk dimensions. The Lagrangian for our system is

S = /d4x\/§ (R — %(8@5)2) (3.1)

19We thank B. Kol and O. Aharony for discussions that led us to separately study collapse in flat space.
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We choose a gauge so that our metric and dilaton take the form

ds® = 2drdv — g(r,v)dv® + f?(r,v)dQ3

¢ = (b(?“, 1)). (32)

where dQ3 is the line element on a unit two sphere. We will explore solutions to the
equations of motion of this system subject to the pure flat space initial conditions

glr,v) =1, (v<0)
r, (v<0) (3.3)
o(r,v) =0, (v<0)

where 1 (v) takes the form

P(v) =0, (v<0)
Y(v) < efpot, (0 <wv < ot) (3.5)
P(v) =0 (v > dt),

In other words our spacetime starts out in its vacuum, but has a massless pulse of limited
duration focused to converge at the origin at v = 0. This pulse could lead to interesting
behavior — like black hole formation, as we explore in this section.

The structure of the equations of motion of our system was described in subsection 2.2.
As in that subsection, the independent dynamical equations for our system may be chosen
to be the dilaton equation of motion plus the two constraint equations, supplemented by
an energy conservation equation. The explicit form of the dilaton and constraint equations
is given by

Oy (f298r¢) + 0y (f2ar¢) + Oy (f2av¢) =0
2
e (3:6)

O (fg0rf +2f0uf) =1

As in the previous section, we may choose to evaluate the energy conservation equation at
large r. As we have explained, the large r behavior of the function g is given by

g(rv) =1— M) | O(%) (3.7)

r
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The energy conservation equation, evaluated at large r, yields

M = -5 (3.8)

The equations(3.6) together with (3.8) constitute the full set of dynamical equations for
our problem.
By integrating (3.8) we find an exact expression for M (v)

—p+ [V ¢2
iy = 29 L »
Note in particular that M (v) reduces to a constant M for v > 6t where
6t 9
Jo
M= "=2— ~ 6t (3.10)

3.2 Regular amplitude expansion

Our equations may be solved in the amplitude expansion formally described in (2.5), i.e.
in an expansion in powers of the function 1(v). As we will argue in this paper, there are
two inequivalent valid amplitude expansions of these equations. In the first, the spacetime
is everywhere regular and the dilaton is everywhere small. In the second, the spacetime is
singular at small 7 but this singularity is shielded from asymptotic infinity by a regular event
horizon. The second amplitude expansion reliably describes the spacetime only outside the
event horizon; this expansion works because the dilaton is uniformly small outside the event
horizon. As we will see two amplitude expansions described above have non overlapping
regimes of validity, and so describe dynamics in different regimes of parameter space.

In this subsection we briefly comment on the more straightforward fully regular ex-
pansion. At every order in perturbation theory, the requirement or regularity uniquely
determines the solution. Explicitly at first order we have

Pv) —¢(v —2r)

r

o1(r,v) =

(3.11)

The perturbation expansion that starts with this solution is valid only when ¢(r) is every-
where small. ¢(r) reaches its maximum value near the origin, and ¢;(0,v) ~ 2¢(v) ~ €.
Consequently the regular perturbation expansion, sketched in this section, is valid only
when ey < 1 i.e. when % > 1

At next order in the amplitude expansion we find

niro) =1 ([ o0onoo a= [ 7 0nto. 0 dp)

_ Ja(r,v) — f2(0,v) (3.12)

92(7“,1)) = —28Uf2(’l",1)) - 8rf2(r’v)

The integration limits in the expression for fo(r,v) in 3.12 are fixed such that at large r
f(r,v) decays like % The integration constant in go(r,v) is fixed by the requirement that
the solution be regular at r = 0.
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3.2.1 Regularity implies energy conservation

In this subsection we pause to explain an interesting technical subtlety that arises in car-
rying out the regular amplitude expansion. The discussion of this subsection will play no
role in the analysis of spacetimes that describe black hole formation, so the reader who
happens to be uninterested in the regular expansion could skip to the next section.

Note that in order to obtain (3.12) we did not make any use of the energy conserva-
tion equation. We will now verify (first in terms of the answer, and then more abstractly)
that (3.12) automatically obeys the energy conservation equation. At large r, these func-
tions have the following expansion

sr(r.v) = 2

falr,v) = ﬂé?Z

galr,v) = _027(”)’ where (3.13)
Cofw) = ) _ 0.

If our solution does indeed obey the energy conservation relation, we should find that Cs(v)
is equal to M (v) in (3.10). We will now proceed to directly verify that this is the case.

The first term in Cy(v) comes from the coefficient of 1 in 9, fo(r,v). For the second
term in the expression for Cy(v), f2(0), is given by

£0.0) = =1 [ pono. 0 dp

The integrand in this expression may be split into four terms in the following way.

12 (0,61 (r,v)]* = 2¢4(v), V(v — 27”)} + ¢(g)2 +r [37" (MHQ

r r r
'l/) -2 ’[/} 2 . 2 1/}2 —_9
= 2(v)0, [ (U " r)} + Sﬂ? +4 [1#(1) — 27“)] — O [#]
(3.14)
Now each of the terms can be integrated.
/T 21[)(’0)6p [M] dp = —21lim w — —91lim M
0 P r—0 r r—0 7
T
o P r—0 1
r ) 9 oo (3.15)
/0 4 [w(v—Qp)] dp = 2/_Oow(t) dt
—/r(?p [M] dp:limM:hmM
0 P r—0 T r—0 r
Adding all the terms one finally finds
— f2(0,v) = %/_ b(t) dt (3.16)
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This implies .
P(w)P(v)

Cofo) = -~ % /_ D02 dt = M(v) (3.17)

as expected from energy conservation.
Let us summarize In order to obtain our result for go above, we were required to fix
the value of an integration constant. The value of this constant may determined in two

equally valid ways

e By imposing the energy conservation equation Fe.

e By demanding regularity of the solution at r = 0

In fact these two conditions are secretly the same, as we now argue. As we have explained
in subsection 2.2, 9,(rEe.) automatically vanishes whenever the three equations (3.6) are
obeyed. Consequently, if rFe. vanishes at any one value of r it automatically vanishes at
every r. Now the equation Fe. evaluates to a finite value at » = 0 provided our solution is
regular at r = 0. It follows that the regular solution automatically has r Fo. = 0 everywhere.

Configurations in the amplitude expansion of the previous section (or the singular
amplitude expansion we will describe shortly below), on the other hand, are all singular at
r = 0. rFEe does not automatically vanish on these solutions, and the energy conservation
equation F,. is not automatic but must be imposed as an additional constraint on solutions.

It would be a straightforward — if cumbersome — exercise to explicitly implement
the perturbation theory, described in this subsection, to higher orders in €. As our main
interest is black hole formation, we do not pause to do that.

3.3 Leading order metric and event horizon for black hole formation

In the rest of this section we will describe the formation of black holes in flat space in an
amplitude expansion. In contrast with the previous subsection, our amplitude expansion

will be justified by the small parameter % Our analysis will reveal that our spacetime

takes the Vaidya form to leading order in }2,
¥

ds® = 2drdv — <1 — @) dv? + r2dQ3 (3.18)
where M (v) is given by (3.9).

In this subsection we will compute the event horizon of the spacetime (3.18) at large
€. We present the computation of this event horizon even before we have justified the
form (3.18), as our aim in subsequent subsections is to have a good perturbative expansion
of the true solution only outside the event horizon; consequently the results of this subsec-
tion will guide the construction of the amplitude expansion in subsequent subsections.

As in the previous section the event horizon takes the form

rg(v) = M, (v > 6t)
r(v) = Mx(%) (0 < v < 6t) (3.19)
rg(v) = Mz(0) +v, (—z(0) <v<0)
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where the function x(¢) may easily be evaluated in a power series in % ~ 6% We find
!

x(t) =1+ (%) z1(t) + (%)2@@) ...

M(yst)
x1(t) = — /tl dy (1_7]”) (3.20)

In particular rg = M for all v > 0 at leading order.

3.4 Amplitude expansion for black hole formation

Let us now construct an amplitude expansion (i.e. expansion in powers of ¥ (v)) of our
solution in the opposite limit to that of the previous subsection, namely % ~ 6% > 1. Itis
intuitively clear that such a dilaton shell will propagate into its own Schwarzschild radius
and then cannot expand back out to infinity. In other words the second term in (3.11)
cannot form a good approximation to the leading order solution for the collapse of such a
shell. Now (3.11) deviates from

¢1(r,v) = Q’Z)(v); (3.21)

r

only at spacetime points that feel the back scattered expanding wave in (3.11). This
observation suggests that (3.21) itself is the appropriate starting point for the amplitude
expansion at large €7, and this is indeed the case.

The incident dilaton pulse (3.21) will back react on the metric; above we have derived
an exact expression for one term — roughly the Newtonian potential — (see (3.10)) of this
back reacted metric. Including this backreaction (all others turn out to be negligible at
large €f) the spacetime metric takes the form

M
ds* = 2dvdr — dv?(1 — —(”)) + r2dQ3 (3.22)
T

As we have explained in the previous subsection, this solution has an event horizon located
at rg ~ M ~ e?ét for v > 0 (see below). Consequently, ¢1(r,v) outside the event horizon

<X o1l \/f—é, i.e. is parametrically small at large e;. This fact allows us to construct

i €
a laI;ge € ff amplitude expansion for the solution outside its event horizon.

The perturbation expansion of our solutions in % is similar in many ways to the
perturbation theory described in detail in section 2. As in that section, the true (resummed)
expansion (built around the starting metric (3.22)) is well approximated at early times by
a naive expansion built around unperturbed flat space. Naive and resummed expansions
agree whenever the first term in the first equation of (3.6) is negligible compared to the
other terms in that equation, i.e. for v <K M ~ 6%(%. As €y is large in this subsection, naive
and resummed perturbation theory are simultaneously valid for times that are of order dt.
However we expect the naive expansion to break down at v > M. We will now study the

naive expansion in more detail and confirm these expectations.
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3.5 Analytic structure of the naive perturbation expansion

In this subsection we describe the structure of a perturbative expansion built starting from
the flat space metric. We expand the full solution as

o(r,v) = Z Pont1
n=0

frw) =r+> " Fon(r,v) (3.23)
n=1

g(r,v) =1+ Z Gon(r,v)
n=1

where, by definition, the functions ®,,, F}, and G,, are each of homogeneity m in the source
function ¥ (v). As explained above we take

o1 (r,0) = YW (3.24)

r

By studying the formal structure of the perturbation expansion, it is not difficult to induc-
tively establish that

1. The functions ®9, 11, Fo, and Ga, have the following analytic structure in the vari-

able r
— 5 1(v)
Pona(rv) = Y o
m=0
0 m
v
Fou(r,0) =1 TSI;L,? (3.25)
m=0
M(v) — G (v)
GQn(Tav) — ~On,1 r +r Z:O T2:+m
m=

2. The functions @3 (v), F3(v) and Gy, (v) are each functionals of ¥(v) that scale
like A™ A™ and A™~! under the the scaling v — Av.

3. For v > 6t the @3}, (v) are polynomials in v of degree < n+m —1; I3 (v) and G%,
are polynomials in v of degree < n + m — 3 and n + m — 4 respectively.

It follows that, say, ¢(r,v), is given by a double sum
— 05..1(v)
o) = Y sy = > Healt)

n n,m=0

Now sums over m and n are controlled by the effective expansion parameters ~ o (for m)

and % ~ éti? ~ 17 (for n; recall that in the neighborhood of the horizon rg ~ 62563[).
It follows that the sum over m is well approximated by its first few terms if only v < M

(recall we are interested in the solution only for » > M). The sum over n may also be
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truncated to leading order only for v < M. As anticipated above, therefore, our naive
perturbation expansion breaks over time scales v of order and larger than M.

Let us now focus on times v of order §t. Over these time scales naive perturbation
theory is valid for r > €6t (recall that this domain of validity includes the event horizon

. . . o .
surface rg ~ e?ét). Focusing on the region of interest, » > rg, rgﬁlfg}rl scales like m
H €

It follows that @5 , |, with equal values of n +m are comparable at times of order dt. For
this reason we find it useful to define the resummed fields

n—1 xk
D5, 1 _9x (15 0)
Donsa(ryv) = Y =T
k=0
n—2 rk
Ey . (r,v)
fon(r,v) = 18,2 F3 + 1 Z % (3.26)

k=0

0 = ng—%(ﬁ v)
9on(r,v) = 102Gy + 1 kZO QT

don—1, unlike @9, 1, receives contributions from only a finite number of terms at any fixed
n, and so is effectively computable at low orders. According to our definitions, ¢y, fm and
Jgm capture all contributions to our solutions of order }m, at time scales of order dt.

We now present explicit computations of the fields ¢, f and g, up to 5th order.
We find

v 2
fafr,v) = -2
galrv) =~
v)4 v)B(v
1) = s~ Mg
h()h(v)3 M (v)(v)? h(v)B(v
galr.v) = _¢(4)§ig 2 (125% ) ¢(123T3( ) (3.27)
¢3(T’U) = Bilfjg),)
Y (48B(t) — 169(t)3) d
bs(r,v) = S ( (2)27"4 vy’ ot
S [0 {50 + 218} +3M (1) {w(t) ~ 18B(1)}] dt
+ 19270
Where

B = [ w0 (-M0O)+00i0)

—0o0
3.6 Resummed perturbation theory at third order

As in the previous subsection, even at times of order 0t (where naive perturbation theory
is valid) naive perturbation theory yields a spacetime metric that is not uniformly well
approximated by empty flat space over its region of validity r > dte;. The technical
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reason for this fact is very similar to that outlined in the previous section; gg is a constant,
so is smaller at r ~ g than one would have guessed from the naive extrapolation of (3.25)
to n = 0. It follows that, in the previous section that, even at arbitrarily small €, the
resultant solution is well approximated by

M)

~1-—
g(r,v) "

rather than the flat space result g(r,v) = 1, over the full domain of the amplitude expansion.
It follows that the correct (resummed) amplitude expansion should start with the Vaidya
solution (3.22) rather than the empty flat space. The IR divergences of the naive expansion
are a consequence of the incorrect choice of starting point for the perturbative expansion.

At v = Jt our metric, to leading order, is the Schwarzschild metric of a black hole
Schwarzschild radius M with a superposed dilaton (and consequently metric) perturbation.
We will now demonstrate that these pertubrations are small. As in the previous section,

it is useful to define rescaled radial and time variables x = §; and y = 1;. In terms of the
rescaled variables, the leading order metric takes the form
1
ds®> = M? <2dxdy — dy? (1 - —> + x2d93> (3.28)
x
while the ¢ perturbation is given to leading order by
96t 9(ot 1
r M3a3  ead
(recall from (3.27) that
0 1 ot X
460 =1 [ 000 [310) + v )] o (330)

and M (v) is given in (3.9)).

As a constant rescaling of the metric is an invariance of the equations of motion of
the Einstein dilaton system, the factor of M? in (3.28) is irrelevant for dynamics. As the
dilaton perturbation above is parametrically small (O(1/ ei‘c)) the subsequent evolution of
the dilaton field is linear to leading order in the % expansion.

Let x(x,y) denote the unique solution to

1
D <:c2 (1 - —> amx> + 2200, (vx) =0 (3.31)
T
1
X
3&—13. The leading order solution to the resummed perturbation theory for ¢, for v > dt, is

9 r v —
o= 45 (3 “5) 532

subject to the boundary condition x ~ O(=3) at large = and the initial condition x(z,0) =

given by

Unfortunately, the function x(z,y) appears to be difficult to determine analytically. As
in section 2 this solution may presumably be determined numerically with a little effort. We
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will not attempt the requisite numerical calculation here. In the rest of this subsection we
will explain in an example how the general analysis of this subsection yields useful precise
information about the subleading solution even in the absence of detailed knowledge of the
function x(x,y).

Consider a spherically symmetric shell, of the form discussed in this section, imploding
inwards to form a black hole. On general grounds we expect some of the energy of the
incident shell to make up the mass of the black hole, while the remaining energy is reflected
back out in the form of an outgoing wave that reaches Z7. Let the fraction of the mass
that is reflected out to Z+ be denoted by f.?0 f is one of the most interesting and easily
measured observables that characterize black hole formation.

At leading order in the expansion in % our spacetime metric takes the Vaidya form
with no outgoing wave, and so f = 0. This prediction is corrected at first subleading order,
as we now explain. It follows on general grounds that, at late times

X(z,y) ~ Cly —2x)
x
for some function ((v). Note that (, like the function y, is universal (i.e. independent of
the initial condition ¥ (v)). It follows that at late times (and to leading order)
03(0t) € (*37")

It then follows from (3.10) (but now applied to an outgoing rather than an ingoing wave)
that the energy?! carried by this pulse is

<M¢§\(4it)>2 x %/dt (ag(%))z — M x (%2‘?)2 x %/Z dy (g’(y)>2 (3.34)

It follows that

f=A<¢§\(4i,t)>2
2

1 [,
i
2 ) o
(3.35) analytically determines the dependence of f on the shape of the incident wave packet,

¥(v) (recall that ¢3(6t) and M are determined in terms of ¥(v) by (3.30) and (3.10)).

Detailed knowledge of function x(z,y) is required only to determine the precise value of

(3.35)

universal dimensionless number A.

4 Spherically symmetric collapse in global AdS

We now turn to the study of black hole formation induced by an ingoing spherically symmet-
ric dilaton pulse in an asymptotically AdSg.1 space in global coordinates. As in section 2

20T fancy parlance f = A;AB where A is the ADM mass of the spacetime and B is the late time Bondi
mass.
21We have chosen our units of energy so that a black hole with horizon radius rz has energy M.
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our bulk dynamics is described by the Einstein Lagrangian with a negative cosmological
constant and a minimally coupled dilaton. However as in section 3 we study solutions that
preserve an SO(d) invariance; this SO(d) may be thought of as the group of rotations of
the boundary S%~!. As in both sections 2 and 3 our symmetry requirement determines our
metric up to three unknown functions of the two variables; the time coordinate v and the
radial coordinate r. Our solutions are completely determined by the boundary value, ¢g(v)
of the dilaton field. As in section 2 we assume that ¢g(v) is everywhere bounded by € and
vanishes outside the interval (0,dt). Through out this section we will focus on the regime
0t < R (where R is the radius of the boundary sphere) and ¢ < 1. The complementary
regime 6t > R and arbitrary € is under independent current investigation [79].

The collapse process studied in this section depends crucially on two independent
dynamical parameters; x = % together with € of previous subsections. We study the
evolution of our systems in a limit in which z and e are both small. The problem of
asymptotically AdS spherically symmetric collapse is dynamically richer than the collapse
scenarios studied in sections 2 and 3, and indeed reduces to those two special cases in
appropriate limits.

4.1 Set up and equations

The equations of motion for our system are given by (2.4). The form of our metric and
dilaton is a slight modification of (2.6)

ds® = 2drdv — g(r,v)dv? + f2(r,v)dQ3_,

¢ = (r,v). e

where dQ§—1 represents the metric of a unit d — 1 sphere. Our fields are subject to the
pure global AdS initial conditions

g(r,v) :r2+%, (v<0)
f(r,v) =rR, (v<0) (4.2)
¢(T,U) = 0, (U < 0)

and the large » boundary conditions

o= (1+0(2))
flrv)=r <R - (%)) (4.3)

6(0) = én(0) +0( 1)

r

S}

Equations (2.4), (4.1), (4.2) and (4.3) together constitute a completely well defined dy-
namical system. Given a particular forcing function ¢g(v), these equations and boundary
conditions uniquely determine the functions ¢(r,v), g(r,v) and f(r,v).
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The structure of the equations of motion of our system was described in subsection 2.2.
In particular, we may choose the dilaton equation of motion, together with the two con-
straint equations, as our independent equations of motion; this set is supplemented by the
energy conservation relation. With our choice of gauge and notation, the dilaton equation
of motion and constraint equations take the explicit form

o, (11198,0) + 0, (f10,0) + 0, (1 'g000) =0

(0r)? + M ~0 (1.4)

Or (F17290,f + 20720, f ) = d [* = (@~ 2" =0

As in section 2, the initial data needed to specify a solution to these equations is given
by the value of ¢(r) on a given time slice, supplemented by the initial value of the mass,
and boundary conditions at infinity. In order to obtain an explicit form for the energy
conservation equation we specialize to d = 3 and explicitly ‘solve’ our system at large r a
la Graham and Fefferman. We find

f(r,v):Rr<1 ¢0+0< >>

g(r,v) = 7 (i + L % - M) + (9<i>> (4.5)

R2 702 7“3

¢0 ()

¢(r,v) = ¢o(v)

The energy conservation equation constrains the (otherwise arbitrary) functions M (v) and
L(v) to obey??
o

M = —% (12L( ) +455 -3 (450)3 + 4&50(1))) (4.7)

4.2 Regular small amplitude expansion

As in section 3 there are two legitimate amplitude expansions of spacetime we wish to
determine. In this subsection we discuss the expansion analogous to the expansion of
subsection 3.2. That is we expand all our fields as in (2.31) (where the functions f,, gn
and ¢, are all defined to be of homogeneity n in the boundary field ¢¢) and demand that
all functions are everywhere regular. The requirement of regularity, together with our

22Note that the stress tensor and Lagrangian £ of our system are given by

T, = M(v)
TS =TS = MQ(U) (4.6)
£=-31) - 2+ 2 (4)" - G,0)

It follows that (4.7) may be rewritten as M = 22
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boundary and initial conditions, uniquely specifies all functions in (2.31). Explicitly, to

second order we find
[oe)

prrw) = 3 (—1)" [«z»o(v ~mR) +

m=0

bo(v — mnR) + ¢o(v — Rmm — 2Rtan" ' (rR))

$o(v —mmR — 2Rtan" ' (rR))
T

R o0
r,v _Z< pK (p,v )dp—/ pQK(p,v)dp>

1 o
g2(r,v) = _4_[?/ pK(p,v)dpr??“Q/ p°K(p,v) dp

+/rp2<é2 +p >K(p,v)dp} - %&)h(m)

where

K(p, U) = (87’(?1(747 U))Q
(4.8)

The perturbation expansion in this section is valid only if ¢(r, v) is everywhere small on
the solution. ¢1(r,v) reaches its maximum value in the neighborhood of the origin where
it is given approximately by ¢g + gbo ~ €+ -3. Consequently the validity of the amplitude
expansion sketched in this section requires both that € < 1 and that 22 > e.

We have chosen integration constants to ensure that the solution in (4.8) is regular at
r = 0. In particular

1/ [>® 1 >
92(0,0) = 5 </0 p*0uK (p,v) dp — @/0 pK(p,v) dp> :

As in subsection 3.2, this choice automatically implies the energy conservation equation.
In particular, expanding go(r,v) at large r we find

M@= < | < St )K<p,v> dp — do(v)? 2%@)%@)) (49)

(this equation is valid only for v < wR; it turns out that M (v) is constant for v > dt) in
agreement with the energy conservation equation.

Finally, let us focus on the coordinate range rR, z < 1 and also require that x is
small so that the time scale in ¢q is also smaller than the AdS radius. In this parame-
ter and coordinate range (4.8) should reduce to a solution of the flat space propagation
equation (3.11); this is easily verified to be the case. In the given variable and parameter
regime, all terms with (4.8) with m # 0 vanish; tan~!(Rr) ~ rR and the first and the third
terms in (4.8) are negligible compared to the second and fourth as z is small. Putting all
this together, (4.8) reduces to (3.11) under the identification 9(v) = R2¢o(v), once we also
identify the coordinate r of section 3 with R?r in this section. Notice that this replace-
ment implies that €; = -5 (where ¢; was the perturbative expansion of section 3). This
identification of parameters is consistent with the fact that the expansion of this section
breaks down when -5 becomes large, while the expansion of subsection 3.2 breaks down at
large €.
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4.3 Spacetime and event horizon for black hole formation

In the rest of this section we will describe the process of black hole formation via collapse in
an amplitude expansion. As in earlier sections, the spacetime that describes this collapse
process will turn out to be given, to leading order, by the Vaidya form

ds® = 2drdv — <% +72 - —M(U)> dv® + RZTZdQ%
r

. (4.10)
8(r,v) = do(v) + 2

where M (v) is approximated by Cs(v), the order €? piece of (4.7)

Cao) =~ [ dtn(t) (‘éﬁo(t) ¥ “5;;5)) (4.11)

In this subsection we will compute the event horizon of the spacetime (4.10) in a
perturbation expansion in a small parameter, whose nature we describe below. The horizon

is determined by the differential equation
drg 1 5y M(v)
2— = — —
dv R? T TH

where M (v) reduces to a constant M for ¢ > dt. At late times the event horizon surface

(4.12)

must reduce to the largest real solution of the equation

It then follows from (4.12) that
rg(v) =%, (v > dt)
r(v) = r%x(%), (0<wv<ét) (4.13)

tan~! (rg(v) = tan~ ! (r%x(O)) +v (v<0), tanfl(rH(v)) >0

As in previous subsections, the function x(t) is easily generated in a perturbation

expansion
M6t Mét \?
zt) =14+ -—=|x1(t)+ | —== ) z2(t)+... 4.14
=1+ () 20+ () =0 ey
The small parameter for this expansion is % This parameter varies from approximately
H

€5 when z < €3 to 2—;1 when z > €5 and is always small provided < /e and € < 1. These

conditions will always be met in our amplitude constructions below. Note that the event

horizon of our solution is created (at r = 0) at the time v = —tan~1(r%)+ subleading.
Explicitly working out the perturbation series we find

M(yét)

1 1_T
:cl(t):—/ dt—— 21—
t

ralt) = _/t1 " (2(#}{)3 . M(yét)) (4.15)
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4.4 Amplitude expansion for black hole formation

The amplitude expansion of the previous subsection breaks down for 22 < e. As in
section 3, we have a new amplitude expansion in this regime. As in section 3, the starting
point for this expansion is the Vaidya metric and dilaton field (4.10). As in sections 2
and 3, the perturbation expansion based on (4.10) is technically difficult to implement
at late times. However as in earlier sections, at early times — i.e. times of order 0t —
the perturbative expansion is well approximated by the naive expansion based on the
solution (4.10) with M (v) set equal to zero. Following the terminology of previous sections
we refer to this simplified expansion as the naive expansion. In the rest of this subsection
we will elaborate on the analytic structure of the naive perturbative expansion.

In order to build the naive expansion, we expand the fields f(r,v), g(r,v) and ¢(r,v)
in the form (2.31). It is not too difficult to inductively demonstrate that

1. The functions ¢9,+1, gon, and fa, have the following analytic structure in the vari-

able r
o) 2n+m—2 k.m
b, 1(”)
Pan41(r,v) Z — > Tznﬂrm (n>1)
m=0 k=0
2n—4
fon(r,v) =rR Z To2m Z 2n k+m (n>2) (4.16)
2n—3
Can(v) S 9o (V)
92n(7"av):—T+7"mZ:0RTm rar m (n>2)

k,m

2. The functions ¢§;ﬁ1(v), o, (v) and gg;bm(v) are functionals of ¢g(v) that scale like
A2 lmadk A =2ndmak gpnd A\ T2rtmEk—l regpectively under the scaling v — Av.

3. For v > §t we have some additional simplifications in structure. At these times
fa(r,v) = 0 and g4(r,v) = —047(0). Further, the sums over k in the second and
third of the equations above run from 0 to 2n — 6 +m and 2n — 5 4+ m respectively.
Finally, functions (bg;ﬂ_l(v) are all polynomials in v of a degree that grows with n. In
particular the degree of (bgnnil is at most n — 1+ k + m; the degree of ff,;m is at most

n—3—|—k+mandthedegreeof92 is at most n — 4+ k + m.

As we have explained above,

2n—2+m
DRI
2m 2n+1 k+m
n=1m= 0 k=0
We will now discuss the relative orders of magnitude of different terms in this summation.
Abstractly, at times that are larger than or of order §t, the effective weighting factor for the
sum over n,m, k respectively are approximately given by — ( &)3, &z and vr respectively.
We will try to understand the 1mphcat10ns of these estlmates in more detail.
Let us first suppose that r < €3 . Tn this case the black hole that is formed has a horizon

radius of order & > R ( this estimate is corrected in a power series in ) Consequently,
53

,38,



the resultant black hole is large compared to the AdS radius. At m = 0, this regime, the
summation over k and n simply reproduce the solution of section 2. As in section 2 these
summations are dominated by the smallest values of £ and n for vrg ~ vT' < 1, in the
neighborhood of the horizon. As in section 2 the sum over k is dominated by the largest
value of k at large enough r. The new element here is the sum over m; this summation is

dominated by small m when v7T' <« ‘;—2 When z < eg, this condition automatically follows
whenever v < 1. Consequently, naive perturbation theory is always good for times small
compared to the inverse black hole temperature, in this regime.

We emphasize that naive perturbation theory is always good at times of order &t.
Over such time scales (and for r ~ rp) we note that the sum over n and k are weighted
by €5 (this is as in section 2) while the sum over m is weighted by eg(%)Q Note that the
weighting factor for the sum over m is smaller than the weighting factce)i for the sum over,
for instance n, provided x < ¢5. Tt follows that our naive perturbation theory represents
a weak departure from the black brane formation solution of section 2 when = < €5

Now let us turn to the the parameter regime x > ¢5. Tn this regime rg R ~ ;—i, so that
black holes that are formed in the collapse process are always small in units of the AdS
radius. At times that are larger or of order d¢, the sum over m and n are dominated by their
smallest values provided £ < ;—i Making the replacement € = 2%¢f, this condition reduces
to v K efcét which was exactly the condition for applicability of naive perturbation theory
in flat space in section 3. The new element here is the sum over k. k is zero in section 3,
and the sum over k here is dominated by k£ = 0 near r = ry for 3 < i—;, a condition that
is automatically implied by 5 < ;—i Note, however, that, as in the previous paragraph,
the sum over k is always dominated by the largest value of k at sufficiently large r. This
reflects the fact that AdS space is never well approximated by a flat bubble at large r.
Finally, specializing to v of order 6t and r ~ rg, the sum over n and m are each weighted

x4 1

by & ~ = while the sum over k is weighted by e_5. In particular naive perturbation
f

theory is good at times of order 0t provided z < +/e.

Let us summarize in broad qualitative terms. Naive perturbation theory is a good
expansion to the true solution when vT° <1 for § < ;—i In particular, this condition is
always obeyed for times of order §t when = < +/e.

4.5 Explicit results for naive perturbation theory

As we have explained above, the functions ¢, f and ¢ may be expanded in an expansion
in € as

o(r,v) = ey (r,v) + e3q§3(r,v) + (’)(e)5

flr,v)=rR (1 + €2f2(7‘, v) + e4f4(r, v) + 0(6)6) (4.17)
g(r,v) = r? + % + 6292(7“, v) + 6494(7‘, v) + (9(6)6

Moreover the functions ¢oy,+1, fn and g, may themselves each be expanded as a sum over
two integer series (see (4.16)). The sum over k runs over a finite number of values in (4.16)
and we will deal with this summation exactly below. However the sum over m runs over
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all integers, and is computatble only after truncation to some finite order. This truncation
is justified as the sum over m is effectively weighted by a small parameter as explained
in the section above. In this section we present exact expressions for the functions ¢1, go
and fs5, and expressions for ¢3, f4 and g4 to the first two orders in the expansion over the
integer m (this summation is formally weighted by }%);

The solutions are given as

br(r.0) = dofe) + 2
12
fa(r,v) = — %
g2(r,v) = — % - Calv)
’ 4 r
ba(rv) = KT (31))
L[ (3K = o) de [ty [ dbs (3K (1) — dolt2))
* R? 1214 + 1973 ]

1 4
e <E>
o H A, 1 (Av) | As(v) 1\
fa(r,v) = (384r4 = 5o ) + ( o6t T 120T5> +0 <E>

_Calv) |, 34s(0) — G}

garv) = = — 202 Ig? <3A3(”) - 4‘58‘50)
[ s PR o (5
(4.18)
Where
K(0) = [ dt do (~Calt) + duii)
A(v) = dolw) /_ OO dt, /_ t; dts (3K (12) + 33() )
Aafv) = do(w) [ de (~3K(0) + 6500
Az(v) = doK (v) (4.19)
Ca(v) = —%/; dt do(t) <¢B}oz(;) + 50(”)
Calo) = =5 [ at dulo) (K(0) = n(0”)

—é /; dty o(t) /_: dts /_t; dts (3K(t3) - éo(t3)3) +0 (}%)4 (4.20)
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4.6 The solution at late times

As in previous sections, our solution is normalizable (unforced) for v > dt. Naive perturba-
tion theory reliably establishes the initial conditions for this unforced evolution at v = dt.
To leading order, this evolution is given by global AdS black hole metric with M = Cy(dt)
(see (4.11)), perturbed by ¢(dt) = @ see (4.18). As in the previous two subsections, the
qualitatively important point is that this represents a small perturbation about the black
hole background. Moreover, it follows on general grounds that perturbations in a black
hole background in AdS space never grow unboundedly (in fact they decay) with time.
Consequently, we may reliably conclude that our spacetime takes the Vaidya form (4.10)
at all times to leading order in the amplitude expansion.

In order to determine an explicit expression for the subsequent dilaton evolution, one
needs to solve for the linear, minimally coupled, evolution of a r% initial condition in the
background of global AdS with a Schwarzschild black hole of arbitrary mass. As in the
previous two sections, the linear differential equation one needs to solve appears to be
analytically intractable, but could easily be solved numerically. We will not, however,

attempt this evaluation in this paper.

5 Discussion

In this paper we have used the AdS/CFT correspondence to determine the response of a
conformal field theory, initially in its vacuum, to a low amplitude perturbation by a source
coupled to a marginal operator. When the CFT in question lives on R4 ! it responds to
the perturbation by the source by thermalizing into a plasma type phase. On the other
hand, when the CFT in question lives on a sphere it either thermalizes into a plasma
type phase or settles down into a glueball type phase depending on the details of the
perturbation procedure. In this paper we have demonstrated that, to leading order in the
amplitude expansion, the dual description of the thermalization into a plasma type phase
is a spacetime of the Vaidya form. In odd boundary field theory dimensions the Vaidya
metric reduces exactly to the uniform black brane metric in the causal future v > dt at the
boundary. As was discussed in detail in section 1.1, for many purposes our system behaves
as if it has thermalized instantaneously.

In this paper we have only studied solutions with a high degree of symmetry; for
instance, solutions that maintain spatial translational invariance. The solutions of this
paper may prove to be a useful starting point in describing the response of the field theory
to a forcing function that breaks this symmetry, provided the scale of spatial variation of
the forcing function is large compared to the inverse temperature of the black brane that
is set up in our solutions. Consider, for example, the Einstein dilaton system studied in
section 2 perturbed by the non normalizable part of a small amplitude dilaton field that
takes the form ¢g(v, Z). Let us further assume that the length scales for spatial variation
L(Z) in ¢¢ are all large compared to ME) (the inverse of the temperature of the black brane

€3
that is eventually formed). As e < 1 this implies, in particular, that L(Z) > 0t(Z). We
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expect the resultant thermalization process to be described by a dual metric of the form

M (v, )

2 _ 2
ds* = 2drdv — (’I“ T

) dv? + r2da?. (5.1)

where

M(v,Z) = Co(v, ) + O(eh)

Co(v, &) = —% / dico(t, %) d(t, 7) (5.2)

— 00

i.e. to be approximated tubewise by the solutions described in this paper. The metric (5.1)
will then be corrected in a power series expansion in two variables; € (as in this paper) and

a spatial derivative expansion weighted by L‘s—tg. The last expansion should reduce to the
3

fluid dynamical expansion at late times. Indeeed7 at t = 0t, the metric described in (5.1) is
dual to a locally thermalized conformal fluid, everywhere at rest, but with a space varying
energy density Cy(Z). The evolution of this fluid after v = 6t will simply be governed
by the Navier Stokes equations of fluid dynamics; the metric dual to the corresponding
flow was determined in [1-9, 9-19]. Provided we can solve the relevant fluid dynamical
equations, we have a complete description of the evolution of our spacetime for all v.

The gravitational solutions presented in this paper appear to be qualitatively different,
in several ways, for odd and even d (see appendix B.1). This suggests that the equilibra-
tion process at strong coupling is qualitatively different in odd and even dimensional field
theories. At leading order in amplitudes, equilibration takes place faster in in field theories
with odd spacetime dimensions as compared to their even dimensional counterpart. It
would be interesting to find a direct field theory explanation of this fact.

In this paper we have investigated the response of an AdS space to a marginal, non
normalizable deformation of small amplitude. It would be natural to extend our work
to determine the response of the same space to a relevant or irrelevant non normalizable
marginal deformation of small amplitude. More ambitiously, one could also hope to explore
the response of the system to large amplitude deformations, perhaps using a combination
of analytic and numerical techniques (see [53]). We leave these issues to the future.

In this paper we have constructed several solutions to bulk equations in a perturbative
expansion. It is natural to wonder whether the dynamical processes we have constructed
in this paper are stable to small fluctuations, when embedded into familiar examples of
the AdS/CFT correspondence. We will not address this question in detail in this paper;
in these paragraphs we simply address the question of when the end point of the collapse
processes, studied in this paper, are stable.

In this paper we have described time evolutions that end up in big black holes, small
black holes (big and small compared to the AdS radius) and a thermal gas in AdS. To the
best of our knowledge, large uncharged AdS black holes are stable solutions in every familiar
example of the AdS/CFT correspondence. The AdS thermal gas has a potential instability,
the Jeans instability, which is triggered at energies at or larger than a critical density of
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order unity [78], in the units of our paper. However the collapse situations described in
this paper, that end up in a thermal gas, do so at energies of order ;—z < 6% < 1. We
conclude that the thermal gases produced as the end point of collapse, in our paper, are
also stable.

Small black holes in AdS;11 x X, on the other hand, are usually unstable to a Gregory
Laflamme type clumping on the internal manifold X [80]. Consequently, the evolutions
leading to small AdS black holes, constructed in this paper, are necessarily unstable when
embedded into familiar examples of the AdS/CFT correspondence.?? Note, however, that
the time scale associated with this Gregory Laflamme instability is R%ry where rg is the

Schwarszchild radius of the small black hole. Assuming Rrpy < 1 (so that the black hole

that is formed is really small), % ~ ”Cde_l ‘2 It follows that, in the limit 24! < ¢,

studied in this paper, the black hole formation processes discussed in this paper occur over

a time scale much smaller than that of Gregory Laflamme instability. In other words the
thermalization to small black holes (in the perturbative regime described in this paper)
is described by a two stage process. In the first stage the solution is well described by
the Vaidya metric (plus corrections) described in this paper. The second stage describes
the evolution of an almost completely formed small AdS black hole perturbed by the
Gregory Laflamme instability. This black hole will then undergo the Gregory Laflamme
type transition in the usual manner. In other words the perturbative solutions presented in
this paper correctly describe the process of small black hole formation even when embedded
in AdS/CFT type situations in which this black hole is unstable.

As we have explained above, a CFT on the sphere can respond to a forcing function
by settling down into either of its two available phases. It appears that the space of
possible forcings is divided into two regions, by a critical surface of unit codimension.
On either side of this critical surface, the forcing drives the system into different phases.
This critical surface occurs at 2%~! ~ €2. Ignoring the issue of the Gregory Laflamme
instability for a moment, the local (small r) form of this gravitational solution precisely
on this critical surface is simply Choptuik’s critical solution in R?*~1!, which is known to
display surprisingly robust universal behavior characterized by a universal, nakedly singular
solution and universal critical exponents. Note, however, that the Gregory Laflamme
instability generically cannot be ignored in the neighbourhood of the critical surface. In the
neighbourhood of this transition black holes that are formed near criticality have arbitrarily
small Schwarzscild radius, and so trigger the Gregory Laflamme instability over very short
time scales. Consequently, in order to access the universal R*~11 Choptuik behavior in
field theory one would have to tune initial data with exponential accuracy.

It is of course true on general grounds that the solutions described in this paper fall into
two classes distinguished by an order parameter ( the presence of a horizon at late times).
An important question about the transition between these two behaviours is whether it is
continuous or discontinuous over time scales small compared to %. In situations in which
Gregory Laflamme instability occurs there is a very special submanifold of this transition
manifold; the submanifold on which Gregory Laflamme instabilities are precisely tuned

ZWe thank O. Aharony and B. Kol for discussions on this point.
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away. On this submanifold we know that the relevant gravitational solutions are those of
Choptuik collapse in R4~ 5!, and so are continuous (second order) and singular. We do not
konw if this singular second order behaviour persists away from this special point. The
investigation of these issues, as well as the study of the smoothing out of singularities on
this manifold by finite N fluctuations, is potentially interesting area of future research.
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A Translationally invariant graviton collapse

In sections 2 and 4 above we have studied the collapse triggered by a minimally coupled
scalar wave in an asymptotically AdS background. Our study was, in large part, motivated
by potential applications to CFT dynamics via the AdS/CFT correspondence. From this
point of view the starting point of our analyses in e.g. section 2 has a drawback as not every
bulk system that arises in the study of the AdS/CFT correspondence, admits a consistent
truncation to the theory of gravity coupled to a minimally coupled massless scalar field.

On the other hand, every two derivative theory of gravity that admits AdS space as
a solution admits a consistent truncation to Einstein gravity with a negative cosmological
constant. Consequently, any results that may be derived using the graviton instead of
dilaton waves, applies universally to all examples of the AdS/CFT correspondence with
two derivative gravity duals. In this section we study a situation very analogous to the set
up of section 2, with, however, a transverse graviton playing the place of the dilaton field
of section 2. All the calculations of this section apply universally to any CF'T that admits
a two derivative gravitational dual.

While the equations that describe the propagation of gravity waves are more compli-
cated in detail than those that describe the propagation of a massless minimally coupled
scalar field, it turns out that the final results of the calculations presented in this subsection
are extremely similar to those of section 2. We take this to suggest that all the qualitative
results of sections 2 and 4 would continue to qualitatively apply to the most general approx-
imately translationally invariant gravitational perturbations of Poincare Patch AdS space
or approximately spherically symmetric gravitational perturbation of global AdS space. If
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this guess is correct, it suggests that the qualitative lessons learnt in this paper have a wide
degree of applicability.

In this section we restrict our attention to the simplest dimension d = 3. It should we
possible, with some additional effort, to extend our results at least to all odd d, and also
to work out the corresponding results for even d. We leave this extension to future work.

The set up of this appendix is very closely analogous to that employed by Yaffe and
Chesler in [53]. The main differences are as follows. Yaffe and Chesler worked in d = 4; they
numerically studied the effect of a specific large amplitude non normalizable deformation
on the gravitational bulk. We work in d = 3, and analytically study the the effect of the
arbitrary small amplitude deformation on the gravitational bulk.

A.1 The set up and summary of results

In this section we study solutions to pure Einstein gravity with a negative cosmological
constant. We study solutions that preserve an R? X Zy x Z symmetry. Here R? denotes
the symmetry of translations in spatial field theory directions, while the two Zss respec-
tively denote the spatial parity flip and the discrete exchange symmetry between the two
Cartesian spatial boundary coordinates = and y.

As in section 2, our symmetry requirements determine our metric up to three unknown
functions of v and r. With the same choice of gauge as in section 2, our metric takes the form

ds® = =2 dv dr + g(r,v) dv® + f(r,v)(dz? + dy?) + 2r°h(r,v)dz dy (A1)

The boundary conditions on all fields are given by (2.9) under the replacement ¢(r,v) —
h(r,v) and ¢o(v) — ho(v). Here ho(v) gives the boundary conditions on the off diagonal
mode, gy, of the boundary metric. ho(v) is taken to be of order e. Physically, our boundary
conditions set up a graviton wave, with polarization parallel to the spatial directions of
the brane.

As in section 2, in order to solve Einstein’s equations with the symmetries above, it
turns out to be sufficient to solve the three equations E%, E}, and E,, (see (2.10)) (plus
the energy conservation condition rEe. at one r).

As in section 2 it is possible to solve these equations order by order in €. We present
our solution later in this section. To end this subsection, we list the principal qualitative
results of this section. We are able to show that

e The boundary conditions described above result in black brane formation for an
arbitrary (small amplitude) source function hg(v).

e Outside the event horizon of our spacetime, we find an explicit analytic form for
the metric as a function of hg(v). Our metric is accurate at leading order in the e
expansion, and takes the Vaidya form (1.1) with a mass function

M(v) = —= / ' dtho'ho (A.2)

— 00
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e In particular, we find that the energy density of resultant black brane is given by

1 [ .
M=~ —B = / dth? (A.3)

—00

2

Note that Ey ~ ((;W'

e As this leading order metric is of the same form as that in the previous subsection,
the analysis of the event horizons presented above continues to apply. In particular

it follows that singularities formed in the process of black brane formation are always

shielded by a regular event horizon at small e.

e Going beyond leading order, perturbation theory in the amplitude € yields systematic
corrections to this metric at higher orders in e. We unravel the structure of this
perturbation expansion in detail and work out this perturbation theory explicitly to
fifth order at small times.

A.2 The energy conservation equation

As we have explained above, the equations of motion for our system include the energy
conservation relation, in addition to the one dynamical and two constraint equations. The
form of the dynamical and constraint equations is easily determined using Mathematica-6;
these equations turn out to be rather lengthy and we do not present them here. In this
section we content ourselves with presenting an explicit form for the energy conservation
equation. As in section 2, it is possible to solve for the functions %, T% and h in a power
series in % This solution is simply the Graham Fefferman expansion. To order rig (relative

to the leading result) we find

ol

8(1-n2 shoo(v)
fro)=r|1+ (T2°)+2 3

1 NITRE -
2 m[(”?’ho) o) = aho (=1 -+ 13) 92y M)

g(r,v) =r= 1 5 SN

. hoh?

h, _ 2
o) = [ ho s B0 TR o)

T 7‘2 7"3

(A.4)
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where the parameters M and ¢ are constrained by the energy conservation equation??

h
0 | +3M(who (<1482’ =3(=1+h2)’0

M=—_— "
2(—1+h3)

. .13
— 4(=1+ ) hoho®2ho + (~1+ h3) B3ho + (1+ 3h3) | o }
(A.6)

In the perturbative solution we list below, we will find that o ~ O(e?®). Tt follows that,
to order O(e?), the function M (v) is given by (A.2).

A.3 Structure of the amplitude expansion

As in subsection 2 we set up a naive amplitude expansion by formally replacing hg with
ehg and then solving our equations in a power series in €. We expand

flrv) = Z €" frn(r,v)
n=0

g(r,v) = Z €"gn(r,v) (A.7)
n=0

h(r,v) = Z €"hy(r,v)
n=0
with
fo(r,v) =7, go(r,v) =72, ho(r,v) =0. (A.8)

The formal structure of this expansion is identical to that described in section 2.5; in
particular f, and g, are nonzero only for even n while h,, is nonzero only for odd n. At
first order we find

ho(r,v)

r

hi(r,v) = ho(r,v) + (A.9)

which then leads to simple expressions (see below) for fo and go. In particular h; and fo
vanish for v > dt while go = M /r for v > dt.

Turning to higher orders in the perturbative expansion, it is possible to inductively
demonstrate that for n > 1

24The stress tensor is given by

Ttt == M
M
Trw =Tyy = D)
_ 1 23 2 P2 (A.5)
Toy = = it 3(=14ho) o(v) —4 (=14 hg) hohoOsho

+ (=14 h2) 3 + (1 +3k2) [ho]j

Using these relations, it may be verified that (A.6) is simply a statement of the conservation of the stress
tensor.

— 47 —



1. The functions h,,, g, and f, have the following analytic structure in the variable r

2n+1 g
O (V)
hong1(r,v) = > e
k=2
n+2 k(’l})
fonya(r,v) =1 Y ot (A.10)
k=2 "
n k
n\U
o) = 3 2
k=1

2. The functions h5, 1 (v), 5, o(v) and g5, ,(v) are each functionals of ho(v) that scale
like A™* under the scaling v — Av.

3. For v > 4t these functions are all polynomials in v of a degree that grows with n. For
example, the degree of k%, is of at most 3n — k.

As in the section 2, this structure ensures that naive perturbation theory is good
for times v <« M %, but fails for later times. As in section (2), the correct perturbative
expansion uses the Vaidya metric (1.1) as the zero order solution.

A.4 Explicit results up to 5th order

At leading order we have

hl (7“,1)) = ho(v) + %
.12
= L .
’ 8r
g2(r,v) = EQT(U) 4 1 {hor + hoagho

At next order

hs(r,v) :4%3 {/; Eo(2)d5ho dx — 1 ho [50]2}

2 1 2 .
hio(v) {ho] D(v)ho(v)  ho

flr) =g =T T T e <_12D(”) " [ho}3>

as(rw) =2 4 Py (w2 [+ ho(w)?02m0 (A12)
n % [D(v) + 4E2(v)h0(v)] n 16% <E2(v) [hO]Q + D(v)agh0>

ha(r,v) =0

where D(v) :/ Ey(x)0,hg dx
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Finally at the next order

hs (r,v) D21T(2)
—|—$[6/;D2(az) dx+5{/;dz/;dy/:D4(x) dm}
ol e)]
A5 pors) Hf el
i e
where

Dy(z) = —ho(x)? [0zho]”

Do) = Ea()duho + %D(x)ho(x)axho + Ea(2)ho(2)20uho

Dy(r) = [50(90) (Dehol? + 15B2(2)ho () [D:ho]? + 1sp(x)h0(x)agho] (A-14)
Dy(x) = % |:18D(CU)E2(CE) + 5F5(z) [0,ho]® + 7D(:U)h0(:n)8§ho}
and (this follows from energy conservation)
1 3 3
By = Shodho
(A.15)
) 3 ho 3 0 203
Ey = =D(0)ho + 5 |38B2(0)ho(v) + [ho| + 4ho(v)hodZho + 24303 ho

It follows in particular that the the ‘initial’ condition for normalizable evolution at
v = 0t is given, to leading order, by

h(r,0t) = 8}3 / ’ ( / ' dy (8yhoB;ho) @Cho(x)dx) (A.16)

o —00
This initial condition is of order (65—273 Le. of order =5 where 7 = £-. This demonstrates
that, for v > 6t, our solution is a small perturbation about the black brane of energy
density FEs.

A.5 Late times resummed perturbation theory

To leading order, the initial condition for the normalizable evolution of resummed pertur-
bation theory for the field h(r,v) is given by

1 ot hY (5t
h(ét) 47“3 < Eg(m')axho d.%') = 3753 )

— 00
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Now, at the linearized level the equation of motion for the function A is simply the minimally
coupled scalar equation. It follows that the subsequent evolution of the field h is simply
given by

h9(6t)

h = sz(]\;é (v — 5t)M%> (A.17)

where the universal function ¢ was defined in section 2. As in section 2, this perturba-
tion is small initially, and at all subsequent times, justifying the resummed perturbation

procedure.

B Generalization to arbitrary dimension

B.1 Translationally invariant scalar collapse in arbitrary dimension

In this subsection we will investigate how the results of section 2, which were worked
out for the special case d = 3, generalize to d > 3. The mathematical problem we will
investigate in this appendix was already set up in general d in subsection 2.1. It turns out
that the dynamical details of collapse processes in odd and even dynamics are substantially
different, so we will deal with those two cases separately.

B.1.1 Oddd

The general structure of the solutions that describe collapse in odd d > 5 is similar in
many ways to the solution reported in section 2. The energy conservation equations may
be studied via a large » Graham Fefferman expansion closely analogous to that described
in section 2. The functions ¢ f and g may be expanded at large r as

o) = 3 2
n=0
A" (v
froy=r | ;ﬁff) (B.1)
n=0
>~ AP (v)
o= (5222)
g 7;) .

For n < d—1 the equations of motion locally determine Af(v), A%(v) and Ay (v) in terms of
#o(v). Each of these functions is a local expression (of n' order in v derivatives) of ¢o(v).
However local analysis does not determine Ag(v) = M(v) and Ag(v) = L(v) in terms of
¢o(v). M(v) and L(v) are however constrained to obey an energy conservation equation
that takes the form

M = k¢L(v) + local (B.2)

where k is a constant and ‘local’ represents the a set of terms built out of products of
derivatives of ¢o(v) that we will return to below. Asin d = 3, L(v) = O(€?), so the first
term in (B.2) does not contribute at lowest order of the amplitude expansion of interest to
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this paper. The local terms in this equation (B.2) are easily worked out at lowest order,
O(€?), in the amplitude expansion, and we find M (v) = Cs(v) + O(e*) with

w35 (2] Lo (670) 7)1 67

9d—1 (ﬂ)! 2 o a1 2 2
“Tu ((din!) /_Oodt (at ‘f’o(t)) ~ GO (B.4)

the generalization of (2.20) and (2.21) to arbitrary odd d. (B.4) gives the leading order
expression for the mass of the black brane that is eventually formed at the end of the
thermalization process.

Let us now turn to the naive amplitude expansion in arbitrary odd d. The first term
in this expansion, ¢, is easily determined and we find

d—1

br(r) = < 2" () (d—1— k)1 8kep (B.5)

2okl (d— 1) (S

Equations (2.12) then immediately determine fo and go. Turning to higher orders, it is
possible to demonstrate that

1. The functions ¢9,+1, gon, and fa, have the following analytic structure in the vari-

able r
(2n+1)(d—1)
" —p(n) k
Pons1(V)
Pont1(r,v) = > ﬁfm)_k
k=0 r 2
n(d-1)—f(n) .
f2n(v)
an(’I", ’U) =T Z m (B6)
k=0
n(d-1)-g(n)
CQTL(U) g2n(v)
Gon(r,v) = —— a2 T kzzo dD) R
where
p(n) =d, 2n+1>d), p(n) =2n+1 2n+1<d), (B.T7)
f(n) =d, (2n > d), f(n)=2n (2n < d), (B.8)
gn)=d—1, (2n>d—1), g(n)=2n-1 (2n < d). (B.9)

2. The functions ¢5,,(v), f5,(v) and g (v) are each functionals of ¢o(v) that scale
like A™* under the scaling v — Av.

3. Forv>dt fo=f1 =0, go = _rg_QQ and g4 = ;d—%. Further, effectively, p(n) = d,
f(n) =2d and g(n) = 2d — 1 for v > §t (all additional terms present in (B.6) vanish
at these late times). Moreover the functions ¢5,_ ,(v), f% (v) and gk, (v) are all
polynomials in v whose degrees are bounded from above by n+ k — 1, n+ k — 3 and
n + k — 4 respectively.
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As in d = 3, the polynomial growth in v of the coefficients of the naive perturbative

expansion invalidates this expansion for large enough v. More specifically, the sums over

Ej,vl respectively. In the neigh-

k and n in the expressions above are weighted by rv and -

2
borhood of the horizon, r ~ rg ~ T ~ £ each of these sums is effectively weighted by the

factor vT'. Consequently, naive perturlf;tion theory fails at times large compared to the
inverse temperature of the brane. At times of order dt and for » ~ rg the sum over k and
n are each weighted effectively by 4. More generally, naive perturbation theory is good
at times of order dt provided rdot > e%, a condition that is satisfied at the event horizon.
As in d = 3 the IR divergence of the naive perturbation expansion has a simple
explanation. Even within the validity of the naive perturbation expansion, the spacetime
is not well approximated by empty AdS space, but rather by the Vaidya metric (1.1). The
naive expansion, which may be carried out with comparative ease up to v = dt, may be
used to supply initial conditions for the subsequent unforced normalizable evolution for
resummed perturbation theory. For v > §t, the spacetime metric is given, to leading order,
by the Vaidya form (1.1), with Cy(v) given by the constant Cy listed in (B.4)
ConsequentIQy, the spacetime metric for v > dt is the black brane metric with temper-

ature of order %, perturbed by a propagating ¢ field and consequent spacetime ripples.

The initial conditions at v = dt, that determine these perturbations at later times, are
given to leading order in € (read off from the most small r singular term in ¢3) as
A

o(r,v) ==
r- 2

where

—1)2 [ a1 (1)) -1

() ) (15)

In terms of the normalized variable x = ¢ and y = vM @ this initial condition takes
Md

the form s
€d

O(x) ~ — (B.11)

x~ 2
It follows that the solution at v > dt is (in the appropriate x,y coordinates) an order
e perturbation about the uniform black brane. The coefficient of this perturbation is
bounded for all ¥, and decays exponentially for large y over a time scale of order unity in
that variable. The explicit form of the solution for ¢, for v > dt, may be obtained in terms

of a universal function, 14(z,y) as in section 2. The equation that we need to solve is

B, <xd+1 <1 - %) axqu> + 227 9,0, <x%wd> —0 (B.12)

As in section 2, this universal function appears to be difficult to obtain analytically,
but is easily evaluated numerically. As an example in figure 5 we present a numerical plot

,52,



Figure 5. Numerical solution for the dilaton at late time in d = 5

of this function in d = 5. As in section 2 we find it convenient to display the numerical
output for the function 1/)5(%, y) over the full exterior of the event horizon, u € (0,1).2° In
figure 6 we present a graph of ¢5(ﬁ, y) (i.e. as a function of time at a fixed radial location)
Notice that this graph decays, roughly exponentially for v > 0.5 and that this exponential
decay is dressed with a sinusodial osciallation, as expected for quasinormal type behavior.

A very very rough estimate of this decay constant is provided by the equation w; using the
V5 (5= ,1)
V5 (55 -5)
brane given by T = %’r) This number is the same ballpark as the decay constants for the

equation = 7051 which gives wy &~ 8.2T (here T is the temperature of our black

first quasi normal mode of the uniform black brane reported in [40] (unfortunately those
authors have not reported the precise numerical value for d = 5) .

B.1.2 Even d

In our analyses above we have so far focused attention on odd d (recall that d is the
spacetime dimension of the dual field theory). In this subsection we will study how our
results generalize to even d. While all the broad qualitative conclusions of the odd d

analysis plausibly continue to apply, several intermediate details are quite different.The

*Tn order to obtain this plot, as in 2, we worked with the redefined field xs(u,y) = (1 — u)z/)s(%,y)
and imposed Dirichlet boundary conditions on this field at v = 0 and u = 0.999999. We also imposed the
initial conditions x5 = (0.999999 — u)u®. The figure 5 was outputted by Mathematica-6’s partial differential
equation solver, with a step size of 0.0005 and an accuracy goal of 0.001.
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¥5(1.42857, y)
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Figure 6. A plot of ¢5(5-,y) as a function of y

’“"H“““y
.0

analysis of all equations is more difficult in even than in odd dimensions. In this appendix

we aim only to initiate a serious analysis of these equations, and to carry this analysis far

enough to have a plausible guess for the behavior of our system. We leave a systematic

analysis of these equations to future work.

The qualitative differences between even and odd d show themselves already in the

Graham Fefferman expansion. We illustrate this by working out this expansion in d = 4.

In this dimension the expansion of f, g, ¢ at large r take the form

~(%0)*  dodo i —3(60)* + 26000 — (970)?

flrv)=r

12r 3672 ' 28873 o
| —1960(¢0)* — 1440L(v)6o — 189, 600uo + 450 S0
2160074
log(r)do (0 — 2(d)*02e0)
B 24074 e
5 . M log(r) (—(do)* +2¢odo — (92¢0)?
g(r,v) =% — E((bo)2 — T(;)) + ( 51 )
] ) 5o
¢(r,v) = do + % + i’rﬁo + 36(%)7«3 2% | T£4 +o
log(r) (940 — 2(o)*0360)
* 1674
The energy conservation equation is
M = 2 (4000 (J0)* = 192L(v)do — 170 d0do + 60 60 )

and at quadratic order in € we have

M(v) = Ca(v) + O(e*)
CQ(U) = ﬁ/

— 00

v
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Unlike in even dimensions, it turns out that in odd dimensions L(v) is nonzero at
order e. This is fortunate, as all the local terms in (B.15) are total derivatives, and so
vanish when v is taken to be larger than dt. The full contribution to the mass of the black
brane that is eventually formed from our collapse process arises from the term in (B.15)
that is proportional to L(v). As a consequence, the mass of the eventual black brane is
not determined simply by Graham Fefferman analysis, but requires the details of the full
dynamical process. These details may be worked out at lowest order in the e expansion,
(see below) and we will find

L(v) = <%Zlog2> 83% + 1_16 /_v dtlog(v —t) 85’%(15) + (’)(63) (B.16)

Plugging into (B.15) we find that Ca(v) reduces to the constant Cy for v > d§t, and we have
1 [e.e]
CQ = —E/ dtldtg (8?1 (bo(tl) log(t1 — tg)@(tl — tg)ag;(ﬁo(tg)) (B.l?)

Let us now turn to the amplitude expansion of our solutions. We will work this
expansion out only at leading order; already the leading order solution turns out to have
qualitative differences (and to be much harder to determine and manipulate) than the
corresponding solution in odd d.

Recall that ¢1 (B.5) is extremely simple when d was odd. To start with, the solution
is local in time, i.e. ¢1(7,vo) is completely determined by the value, and a finite number of
derivatives, of ¢g(vg). Relatedly ¢(r,v) has a very simple analytic expression in r; it is a
polynomial in % of degree %. In even d, on the other hand the dependence of ¢;(r,v) on
¢o(v) is not local in time. Relatedly, the expansion of ¢;(r,v) in a power series in % has
terms of every order in % Explicitly we find

o) = [ ot anto o) (M) a

z 19 a=1
h(m):/o dy—(y((yd_l)))!

= (-1)% (g)% 4 2d{1 511;’; <Z> sinh ((d — 2k)0)

where coshf =1-+z

(B.18)

Note that the function h(x) admits the following large = expansion

24 d-1 pd—k k
M) ==+ ; (d—R)kl(d =1 (H (d=2m - ”)

m=1
d_1q d
3 1 (—1)2(d
(d=2p)(d—2p—1) | = 9d(d1)?

o

p=
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The fact that h(z) grows (rather than decays) with  may cause the reader to worry that
o v) blows up at large v. That this is not the case may be seen by noting that vk(?g“qbo
may be rewritten as a sum of total derivatives when k < d+1 and so integrates to zero when
v > 6t (in general it integrates to a simple local expression even for v < dt). Explicitly,
plugging (B.19) into (B.18) and integrating by parts we find that ¢;(r,v) has the following
large rt behavior

d
b1(r,v) = ZAZ-(U) i B(v)In(r) + o Inr

v i d rdﬂ)
i—0
= ¢o(v)
ok go(v) [(d—k—1) [
+3° ig()[(k!(d—l)!) <H(d 2m—1)>]
k=1 m=1
d 51 (B.20)

(where the functions A;(v) and B(v) are defined by this equation). On the other hand at
small = we have

(22)“%"
T
h =——— (1 B.21
@) = g3 B = L+ o) (5.21)
from which it follows that
1 1 v d+1 1
= dt(2(v — 1)) 2 o (t) + O —= B.22
0nr) = e | e -0 T A a0 +0( ). B2
an expression that is valid at small rv. Note, in particular, that for 6t < v, (B.22)
reduces to
dtl .6t
2% [ go(t)dt 1 1 1
= — — B.2
L (S VTSV V=) R V= (23

In particular this formula determines the behavior of the field ¢ in the neighborhood of
the event horizon rg ~ T for times that are large compared to 6t but small compared
to 771

The functions fy and go are easily expressed in terms of the function ¢y. We find

Rl == g | [ @onao= [ o, ar)

92(7”, U) - (QanQ(Ta U) + (d - 2)74]02(707 U) + 7“28rf2(7“, U)) (B'24)

dd—1) (" 4 D5 (v
+%/0 P2 fa(p,v)dp — ,jz(z)
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The function Dy(v) is determined by the requirement that the coefficient of rd%g, in the
large  expansion of ga(r,v) is —Ca(v) (see (B.15)); in particular, for v > 6t, Da(v) = Ca(v).
At small r and for v > §t

falr o) = =5 = 1)(dli22(;}()d gy © O(Td1_3)
g2(r,v) 322 * (d— 1)(daU_K2§EZ)— 3)rd=2 - O(rdl—?’)
ot
= {)d;m( s

We would like to draw attention to several aspects of these results. First note that
¢1(r,v) is small provided (T5t) > e. Consequently, we expect a perturbative analysis
to correctly capture the dynamics of our situation over this range of coordinates; note that
this is exactly the same estimate as for odd d. Next note that the maximal singularity,
at small r, in the functions fo and g9, are both of order Td%g; this is the same as the
maximal singularity in the analogous functions in odd d (see the previous subsection).
As the function go(r,v) = r?, it follows, as in the previous function, that our spacetime
metric is not uniformly well approxunated by the empty AdS space over the full range of
validity of perturbation theory. Over this entire range, however, it is well approximated by
a Vaidya type metric where the mass function for this metric is given at leading order by
the coefficient of —ﬁ in go(r,v) above.

Unlike the situation in odd dimensions, the leading order mass function M (v), in the
effective Vaidya metric, is not given simply by Cs(v). In particular, when v > 0t we have

from (B.25) that
Co— M(v) [ 6t\“?
c, (Z) '

In other words, the leading order metric for the thermalization process, in even d, is not
given precisely by the metric of the uniform black brane for v > dt. However it decays, in
a power law fashion, to the black brane metric at times larger than dt. As a consequence
at times 0t < v < T~! the leading order metric that captures the thermalization process
is arbitrarily well approximated by the metric of a uniform black brane. It follows that,
while the spacetime described in this subsection does not capture the dual of instantaneous
field theory thermalization (as was the case in odd d), it yields the dual of a thermalization
process that occurs over the time scale of the forcing function rather than the much longer
linear response time scale of the inverse temperature.

We will not, in this paper, continue the perturbative expansion to higher orders in e.
We suspect, however, that the computation of ¢3 when carried through will yield a term
proportional to pECED dS 7 that is constant in time. This term will dominate the decaying tail

of ¢1(r,v) at a tlme intermediate between §¢ and 7~! and will set the initial condition for
the late time decay of the ¢ field (over time scale T~ ') as was the case in odd dimensions.

It would be very interesting to verify or correct this guess.
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B.2 Spherically symmetric flat space collapse in arbitrary dimension
B.2.1 0Oddd

The discussion of section 3 also extends to the study of spherically symmetric collapse in
a space that is asymptotically flat R%! for arbitrary odd d. In this section we will very
briefly explain how this works, focussing on the limit y = " > 1.
To lowest order in the amplitude expansion we find
e d-3 453 —m
Lyt U (Bt ")
m! (% — m)! pigttm

Here 1(v) is a function of time that we take, as usual, to vanish outside v € (0, dt), and be

(B.26)

of order e f(5t)d%1, where €y is a dimensionless number such that ey > 1. As in section 3
the parameter that will justify the amplitude expansion will be el

(B.26) together with constraint equations immediately yields an expression for the
functions fo and go. In particular, the leading large r approximation to go is given by

M (v
gg(T,U) - - T’d(2)
o(d=4) v (d—3) (d+1) d—3 [/ =1 2q (B27)
— 2 2 _ 2
M) =2 [ ar| (07 vw) (07 vi) - =5 (a7 v |
Note that ¢; < 1 whenever rd; (515) T ¢ so we expect the amplitude expansion

to reliably describe dynamics over this range of parameters. As in section 3, however,
g2 cannot be ignored in comparison to gy = 1 throughout this parameter regime. As in
section 3, this implies that our spacetime is well approximated by a Vaidya type metric
rather than empty flat space even at arbitrarily small 1 . The mass function of this Vaidya
metric is given by M (v) in (B.27).

As in section 3 one may ignore this complication at early times v < 7 over which
the solution is well approximated by a naive perturbation expansion that uses empty flat
space as its starting point. It is possible to demonstrate that this naive expansion has the
following analytic structure in the variables r and v

e 1. The functions ®9,4+1, Fo, and Ga, have the following analytic structure in the
variable r

- @%H(U)

Pont1(r,v) = Z

— P2t 5 4m

o0

E5n(
Fo(r,v) =7 Z Tn(danm (B.28)

M (v) — G5i(v)
Gon(r,v) = —0p1 rd—2 T Tmz:o pr(d—1)+m

e 2. The functions <I>2n+1( v), F3'(v) and G5}, (v) are each functionals of ¢(v) that scale
like A= (@nFtD 9 yxm=n(d=3) apq \m=n(d=3)=1 ypder the the scaling v — Av. M(v)

scales like A2~ under the same scaling.
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e 3. For v > 0t the ®3; | (v) is polynomials in v of degree < n +m — 1; I3 (v) and
5y are polynomials in v of degree < n 4+ m — 3 and n + m — 4 respectively.

It follows that, say, ¢(r,v), is given by a double sum

- ‘I)%H(U)
60,0 =3 i) = 3 R
n n,m—=

Now sums over m and n are controlled by the effective expansion parameters ~ 2 (for

wQU v v

m) and e~ ~ =

) (5t)d—2pd—1 &6% ey
i

(for m; recall that in the neighborhood of the horizon

rd? ~ (5t)d*26§).

As in section 3, it follows that the naive perturbation expansion breaks down for times
v > ry. However this expansion is valid everwhere outside the event horizon at times of
order dt, and so may be used to set the initial conditions for a resummed perturbation
expansion that uses the Vaidya metric as its starting point. For v > dt the mass function
of the Vaidya metric reduces to a constant. At long times our solution is given by a small
perturbation around a black hole of mass M. This perturbation is best analyzed in the

coordinates r = —— and y = —%—. In these coordinates the leading order tail of ¢, at

Md—2 Md—2
long times, is given by motion about a black hole of unit Schwarzschild radius perturbed

by the ¢ field with initial condition

3(5t) 1
P(x,0) = 3(d-1) 3(d-1 = _5_
M2@d=2) 43 5}1*2

The smallness of this perturbation justifies linearized treatment of the subsequent dynamics.

B.2.2 Even d

We will not, in this paper, attempt an analysis of the spherically symmetric collapse to
form a black hole asymptotically R%! for even d. Here we simply note that the leading
order large e solution for ¢;(v) may formally be expressed as

HY, (rw)

¢1(r,v) :/dw (1((.t))ei“’(v7r)27_2 (B.29)

r2

for any function q(w) where H,(z) is the n'® Hankel function of the first kind, i.e.

HY (@)~ 4| = (a@—%—%) + 0@))
iy

Using this expansion, it is easily verified that ¢;(r,v) reduces, at large r, to an incoming

wave that takes the form %. The evolution of this wave to small 7 is implicitly given

r-2
by (B.29). It should be possible to mimic the analysis of subsubsection B.1.2 to explicitly
express ¢1(r,v) as a spacetime dependent Kernel function convoluted against 1 (v). In
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analogy with subsection B.1.2 it should also be possible to expand gs(r,v) about small
r. It is tempting to guess that such an analysis would reveal that the leading singularity
in go(r,v) scales like 7@%2, so that the metric is well approximated by a spacetime of the

Vaidya form. We leave the verification of these guesses to future work.

B.3 Spherically symmetric asymptotically AdS collapse in arbitrary dimension

It should be straightforward to generalize the analysis of section 4 to arbitrary odd d, and
perhaps also to arbitrary even d. We do not explicitly carry out this generalization in this
paper. However it is a simple matter to infer the various scales that will appear in this
generalization using the intuition and results of subsections B.1 and B.2, and the fact that
the results of global spherically symmetric AdS collapse must reduce to Poincare patch
collapse in one limit and flat space collapse in another. We have reported these scales in
the introductionto section 4.
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